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Major Exam 2 (Two hours)

Problem 1. Find the remainder when X*® is divided by X +10 in B%[X]

zZ
Problem 2. Find the number of distinct solutions for the equation x*° = 1 in the field 97"

Problem 3. Let n be a positive integer with decimal representation agay_1 - --a14p.
(1) Show that n is divisible by 11 if and only if the alternating sum of its digits is divisible by 11.
(2) Find the smallest 10-digit number that is divisible by 11.
(3) Show that n is divisible by 8 if and only if the number formed by its last 3 digits is divisible by 8.
(4) Find the greatest 10-digit number that is divisible by 8.

Problem 4. Consider the following rings given by

O I e e

(1) Show that A is isomorphic to the Gaussian ring Z[i].

(2) Show that B is NOT isomorphic to the ring Z x Z.

(3) Find an ideal of Z[X] such that the quotient ring by this ideal is isomorphic to B (justify).
(4) Find the number of all nilpotent elements of the ring C.
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Problem 5. Let R be a commutative ring. Let I, ] be two co-maximal ideals of R and consider the ring

¢I R — TXT

r — (7,7)

homomorphism

(1) Show thatI]=1IN].
(2) Find Ker(¢).
(3) Show that ¢ is onto.
R _R_R .
(4) Show that 75T X 7 as rings.
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(5) Deduce that if m,n € N with (m,n) =1, then 7 X e

(6) Consider the ring A := % X 3% and its principal ideal I := (T,G)A. Use two different methods

as rings.

to find 1%'




