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1.  Find 

a) ℒ{𝑡 𝑒− 𝑡 cos 𝑡}. 

b) ℒ−1 {
𝑆+1

(𝑆−1)(𝑆2+1)
}. 

 

2. Solve the integral equation  𝑦(𝑡) − ∫ (𝑡 − 𝜏)𝑦(𝜏)𝑑𝜏
𝑡

0
= 1  

 

3. Consider 𝑓(𝑡) = {

0 𝑖𝑓 0 ≤ 𝑡 < 𝜋
1 𝑖𝑓 𝜋 ≤ 𝑡 < 2𝜋
0 𝑖𝑓 𝑡 ≥ 2𝜋

 . Use Laplace transform to solve the initial value problem 

𝑦′′ = 𝑓(𝑡), 𝑦(0) = 𝑦′(0) = 0. (Write 𝑓(𝑡) in terms of Heaviside functions.) 

 

4. Solve   𝑦′′ = 𝛿(𝑡 − 1), 𝑦(0) = 𝑦(2)  = 0 . 

 

5. Suppose the differential equation 𝑦′′ − 2𝑥 𝑦′ + 2𝑛 𝑦 = 0 has the solutions 𝐻𝑛(𝑥). Find the weight 

𝑤(𝑥) such that ∫ 𝑤(𝑥) 𝐻𝑛(𝑥) 𝐻𝑚(𝑥) 𝑑𝑥
∞

−∞
= 0   𝑖𝑓 𝑛 ≠ 𝑚. 

 

6. Expand 𝑓(𝑥) = 𝑥2, 0 < 𝑥 < 1 in terms of 𝐽2(𝛼 𝑥) where 𝐽2(𝛼) = 0. Your solution must not 

contain any integrals. 

 

7. Consider the function  𝑓(𝑥) = {
0 𝑖𝑓 −1 < 𝑥 ≤ 0
𝑥 𝑖𝑓 0 < 𝑥 < 1

 . 

a) Find a Fourier series for 𝑓(𝑥). 

b) What value does the series converge to when  𝑥 = −1   and when  𝑥 = 0 ? 

c) Evaluate  ∑
1

(2𝑛−1)2
∞
𝑛=1  . 

 

 

 

 

 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Total 

Full Marks 8 7 8 7 3 7 10 50 

 

Score 

 

        

 

  



 

You may need   ∫ 𝑥 𝑐𝑜𝑠( 𝛼𝑥)𝑑𝑥 =
𝑐𝑜𝑠(𝛼𝑥)

𝛼2
+

𝑥 𝑠𝑖𝑛(𝛼𝑥)

𝛼
+ 𝑐  ,  ∫ 𝑥 𝑠𝑖𝑛( 𝛼𝑥)𝑑𝑥 =

𝑠𝑖𝑛(𝛼𝑥)

𝛼2
−

𝑥 𝑐𝑜𝑠(𝛼𝑥)

𝛼
+ 𝑐 

--------------------------------------------------------------------------- 

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0

 

ℒ{𝑡𝑛} =
𝑛!

𝑠𝑛+1
 

ℒ{sin 𝑘𝑡} =
𝑘

𝑠2 + 𝑘2
 

ℒ{cos 𝑘𝑡} =
𝑠

𝑠2 + 𝑘2
 

ℒ{sinh 𝑘𝑡} =
𝑘

𝑠2 − 𝑘2
 

ℒ{cosh 𝑘𝑡} =
𝑠

𝑠2 − 𝑘2
 

ℒ{𝑒𝑎 𝑡} =
1

𝑠 − 𝑎
 

ℒ{𝑓(𝑛)(𝑡)} = 𝑠𝑛 𝐹(𝑠) − 𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓′ (0) − ⋯ 𝑓(𝑛−1)(0)  

ℒ{𝑒𝑎 𝑡𝑓(𝑡)} = 𝐹(𝑠 − 𝑎) 
ℒ{𝑓(𝑡 − 𝑎) 𝒰(𝑡 − 𝑎)} = 𝑒−𝑎 𝑠𝐹(𝑠) 

ℒ{𝑡𝑛𝑓(𝑡)} = (−1)𝑛
𝑑𝑛

𝑑𝑠𝑛
 𝐹(𝑠) 

𝑓 ∗ 𝑔 = ∫ 𝑓(𝜏) 𝑔(𝑡 − 𝜏) 𝑑𝜏
𝑡

0

 

ℒ{𝑓 ∗ 𝑔} = 𝐹(𝑠) 𝐺(𝑠) 

ℒ{𝑓(𝑡)} =
1

1−𝑒𝑠 𝑇 ∫ 𝑒− 𝑠 𝑡 𝑓(𝑡) 𝑑𝑡
𝑇

0
, when 𝑓(𝑡) is piecewise continuous on [0, ∞] periodic with period 𝑇.  

ℒ{𝛿(𝑡 − 𝑡0)} = 𝑒−𝑠 𝑡0 
------------------------------------------------------------------------ 

𝑓(𝑥) =
𝑎0

2
+ ∑ [𝑎𝑛 𝑐𝑜𝑠

𝑛𝜋 𝑥

𝑝
+ 𝑏𝑛 𝑠𝑖𝑛

𝑛𝜋 𝑥

𝑝
]

∞

𝑛=1

 

𝑎𝑛 =
1

𝑝
∫ 𝑓(𝑥)

𝑝

−𝑝

𝑐𝑜𝑠
𝑛𝜋 𝑥

𝑝
𝑑𝑥 

𝑏𝑛 =
1

𝑝
∫ 𝑓(𝑥)

𝑝

−𝑝

𝑠𝑖𝑛
𝑛𝜋 𝑥

𝑝
𝑑𝑥 

----------------------------------------------------------------------- 


