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Points (Q1 =  6  , Q2 =  4  , Q3 =  5  , Q4 =  5  , Q5 =  5  , Q6 =  4  , Q7 =  6) 

 

1. Consider the vector field 𝐹⃗(𝑥, 𝑦, 𝑧) = 2𝑧 𝑖 − 3𝑥 𝑗 + 4𝑦 𝑘 and the upward oriented surface which is 

the portion of the paraboloid 𝑧 = 16 − 𝑥2 − 𝑦2 for 𝑧 ≥ 0. Verify Stokes' theorem. 

 

2. Find the half-range sine expansion of  𝑓(𝑥) = cos 𝑥 , 0 < 𝑥 <
𝜋

2
 . Simplify your answer. 

 

3. The steady-state temperature in the circular cylinder shown is modeled by 

 

 

𝜕2𝑢

𝜕𝑟2
+

1

𝑟
 
𝜕𝑢

𝜕𝑟
+

𝜕2𝑢

𝜕𝑧2
= 0 , 0 < 𝑟 < 1, 0 < 𝑧 < 2 

 

 

𝑢(1, 𝑧) = 0,        𝑢(𝑟, 0) = 100,      𝑢(𝑟, 2) = 0 

  

 Solve for 𝑢(𝑟, 𝑧) . (With 𝑢(𝑟, 𝑧) = 𝑍(𝑧)𝑅(𝑟), consider only eigenvalues: 
𝑍′′

𝑍
= +𝜆2, 𝜆 > 0) 

 

4. a) Use Laplace transform to solve the boundary value problem 

 
𝜕𝑢

𝜕𝑥
+ 2𝑥

𝜕𝑢

𝜕𝑡
= 2𝑥,     𝑥 > 0 , 𝑡 > 0 

𝑢(𝑥, 0) = 1,        𝑢(0, 𝑡) = 1 

  

b) Sketch the solution 𝑢(𝑥, 1) on the interval 𝑥𝜖[0,2]. 
 

5. a) Find the Fourier integral representation of 𝑓(𝑥) = {
0, 𝑥 < 0

𝑒−𝑥, 𝑥 > 0
 . [Hint ℒ{sin 𝑘𝑡} =

𝑘

𝑠2+𝑘2 and 

ℒ{cos 𝑘𝑡} =
𝑠

𝑠2+𝑘2] 

b) Based on your answer in (a), evaluate the integral ∫
𝑑𝑤

1+𝑤2

∞

0
 . 

 

6. The temperature, 𝑢(𝑥, 𝑡), in a semi-infinite rod is governed by the following BVP. Use an 

appropriate Fourier Transform to obtain 𝑢(𝑥, 𝑡). Leaving the solution as an integral is ok.  

 

𝜕2𝑢

𝜕𝑥2
=

𝜕𝑢

𝜕𝑡
 , 0 < 𝑥 < ∞, 𝑡 > 0 

𝑢(𝑥, 0) = 0,        𝑢𝑥(0, 𝑡) = −1 

 

7. It can be shown that 𝑣(𝑥, 𝑦) =
sin(𝜋 𝑦) sinh(𝜋 𝑥)

sinh 𝜋
 is a solution to the problem 

 

𝑣𝑥𝑥 + 𝑣𝑦𝑦 = 0 ,      0 < 𝑥 < 1,    0 < 𝑦 < 1 

𝑣(0, 𝑦) = 𝑣(𝑥, 0) = 𝑣(𝑥, 1) = 0,   𝑣(1, 𝑦) = sin 𝜋𝑦  
 

Use separation of variables to solve the following problem. 

 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0 ,      0 < 𝑥 < 1,    0 < 𝑦 < 1 

 

𝑢(0, 𝑦) = 0,       𝑢(1, 𝑦) = sin 𝜋𝑦 ,      𝑢(𝑥, 0) = 0,      𝑢(𝑥, 1) = 𝑥 

 



 2 

Formulas 

 

       
 

∫ 𝑥 𝑐𝑜𝑠( 𝛼𝑥)𝑑𝑥 =
𝑐𝑜𝑠(𝛼𝑥)

𝛼2
+

𝑥 𝑠𝑖𝑛(𝛼𝑥)

𝛼
+ 𝑐  ,  ∫ 𝑥 𝑠𝑖𝑛( 𝛼𝑥)𝑑𝑥 =

𝑠𝑖𝑛(𝛼𝑥)

𝛼2
−

𝑥 𝑐𝑜𝑠(𝛼𝑥)

𝛼
+ 𝑐,  

∫ sin(𝛼𝑥) 𝑐𝑜𝑠( 𝛽𝑥)𝑑𝑥 =
cos((𝛽−𝛼)𝑥)

2(𝛽−𝛼)
−

cos((𝛽+𝛼)𝑥)

2(𝛽+𝛼)
+ 𝑐 

--------------------------------------------------------------------------- 

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
,          ℒ{𝑡𝑛} =

𝑛!

𝑠𝑛+1,         ℒ{sin 𝑘𝑡} =
𝑘

𝑠2+𝑘2,         ℒ{cos 𝑘𝑡} =
𝑠

𝑠2+𝑘2, 

ℒ{sinh 𝑘𝑡} =
𝑘

𝑠2−𝑘2,         ℒ{cosh 𝑘𝑡} =
𝑠

𝑠2−𝑘2,         ℒ{𝑒𝑎 𝑡} =
1

𝑠−𝑎
,         ℒ{𝑒𝑎 𝑡𝑓(𝑡)} = 𝐹(𝑠 − 𝑎),                   

ℒ{𝑓(𝑡 − 𝑎) 𝒰(𝑡 − 𝑎)} = 𝑒−𝑎 𝑠𝐹(𝑠),        ℒ{𝑡𝑛𝑓(𝑡)} = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛
 𝐹(𝑠),         𝑓 ∗ 𝑔 = ∫ 𝑓(𝜏) 𝑔(𝑡 − 𝜏) 𝑑𝜏

𝑡

0
, 

ℒ{𝑓 ∗ 𝑔} = 𝐹(𝑠) 𝐺(𝑠),         ℒ{𝛿(𝑡 − 𝑡0)} = 𝑒−𝑠 𝑡0,         ℒ{𝑓(𝑡)} =
1

1−𝑒𝑠 𝑇 ∫ 𝑒− 𝑠 𝑡 𝑓(𝑡) 𝑑𝑡
𝑇

0
, 

ℒ{𝑓(𝑛)(𝑡)} = 𝑠𝑛 𝐹(𝑠) − 𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓′ (0) − ⋯ 𝑓(𝑛−1)(0)  
 ------------------------------------------------------------------------ 

𝑓(𝑥) =
𝑎0

2
+ ∑ [𝑎𝑛 𝑐𝑜𝑠

𝑛𝜋 𝑥

𝑝
+ 𝑏𝑛 𝑠𝑖𝑛

𝑛𝜋 𝑥

𝑝
]∞

𝑛=1  ,   

𝑎𝑛 =
1

𝑝
∫ 𝑓(𝑥)

𝑝

−𝑝
𝑐𝑜𝑠

𝑛𝜋 𝑥

𝑝
𝑑𝑥 ,   𝑏𝑛 =

1

𝑝
∫ 𝑓(𝑥)

𝑝

−𝑝
𝑠𝑖𝑛

𝑛𝜋 𝑥

𝑝
𝑑𝑥 

----------------------------------------------------------------------- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


