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Instructions

1. Please turn off your cell phones and place them under your chair. Any student caught
with mobile phones on during the exam will be considered under the cheating rules of
the University.

2. If you need to leave the room, please do so quietly so not to disturb others taking the
test. No two person can leave the room at the same time. No extra exam time will be
provided for the time spent outside the room.

3. Only materials provided by the instructor can be present on the table during the exam.

4. Do not spend too much time on any one question. If a question seems too difficult,
leave it and go on.

5. Use the blank portions of each page for your work. Extra blank pages can be provided
if necessary.

6. While every attempt is made to avoid defective questions, sometimes they do occur.
In the rare event that you believe a question is defective, the instructor cannot give
you any guidance beyond these instructions.

7. Mobile calculators, I-pad, or communicable devices are disallowed. Use regular scien-
tific calculators, financial calculators, or SOA-approved calculators only.

The test is 100 minutes, GOOD LUCK, and you may begin now!
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Questions

1. A model for world population assumes a population of 6 billion at reference time 0, with
population increasing to a limiting population of 30 billion. The model assumes that the
rate of population growth at time t ≥ 0 is Act

(.024+et)2
billion per year, where t is regarded as

a continuous variable. According to this model, at what time will the population reach
10 billion (nearest .1)?

A) 0.3 B) 0.4 C) 0.5 D) 0.6 E) 0.8

2. A survey of 100 TV watchers revealed that over the last year:

i) 34 watched CBS.

ii) 15 watched NBC.

iii) 10 watched ABC.

iv) 7 watched CBS and NBC.

v) 6 watched CBS and ABC.

vi) 5 watched NBC and ABC.

vii) 4 watched CBS, NBC, and ABC.

viii) 18 watched HGTV and of these, none watched CBS, NBC, or ABC.

Calculate how many of the 100 TV watchers did not watch any of the four channels (CBS,
NBC, ABC or HGTV).

A) 1 B) 37 C) 45 D) 55 E) 82
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3. An insurance agent offers his clients auto insurance, homeowners insurance and renters
insurance. The purchase of homeowners insurance and the purchase of renters insurance
are mutually exclusive. The profile of the agent’s clients is as follows:

i) 17% of the clients have none of these three products.

ii) 64% of the clients have auto insurance.

iii) Twice as many of the clients have homeowners insurance as have renters insurance.

iv) 35% of the clients have two of these three products.

v) 11% of the clients have homeowners insurance, but not auto insurance.

Calculate the percentage of the agent’s clients that have both auto and renters insurance.

A) 7% B) 10% C) 16% D) 25% E) 28%

4. Under an insurance policy, a maximum of five claims may be filed per year by a policy-
holder. Let pn be the probability that a policyholder files n claims during a given year,
where n = 0, 1, 2, 3, 4, 5. An actuary makes the following observations:

i) pn ≥ pn+1 for n = 0, 1, 2, 3, 4.

ii) The difference between pn and pn+1 is the same for n = 0, 1, 2, 3, 4.

iii) Exactly 40% of policyholders file fewer than two claims during a given year.

Calculate the probability that a random policyholder will file more than three claims
during a given year.

A) 0.14 B) 0.16 C) 0.27 D) 0.29 E) 0.33
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5. The probability that a member of a certain class of homeowners with liability and property
coverage will file a liability claim is 0.04, and the probability that a member of this class
will file a property claim is 0.10. The probability that a member of this class will file a
liability claim but not a property claim is 0.01.

Calculate the probability that a randomly selected member of this class of homeowners
will not file a claim of either type.

A) 0.850 B) 0.860 C) 0.864 D) 0.870 E) 0.890

6. A mattress store sells only king, queen and twin-size mattresses. Sales records at the
store indicate that one-fourth as many queen-size mattresses are sold as king and twin-size
mattresses combined. Records also indicate that three times as many king-size mattresses
are sold as twin-size mattresses.

Calculate the probability that the next mattress sold is either king or queen-size.

A) 0.12 B) 0.13 C) 0.80 D) 0.85 E) 0.95
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7. An actuary studied the likelihood that different types of drivers would be involved in at
least one collision during any one-year period. The results of the study are presented
below.

Type of driver Percentage of all drivers Probability of at least one collision

Teen 8% 0.15
Young Adult 16% 0.08

Midlife 45% 0.04
Senior 31% 0.05

Given that a driver has been involved in at least one collision in the past year, what is
the probability that the driver is a young adult driver?

A) 0.06 B) 0.16 C) 0.19 D) 0.22 E) 0.25

8. Urn 1 contains 5 red and 5 blue balls. Urn 2 contains 4 red and 6 blue balls, and Urn 3
contains 3 red balls. A ball is chosen at random from Urn 1 and placed in Urn 2. Then
a ball is chosen at random from Urn 2 and placed in Urn 3. Finally, a ball is chosen at
random from Urn 3. Find the probabilities that all three balls chosen are red.

A) 5
11

B) 5
12

C) 5
21

D) 5
22

E) 5
33
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9. A survey of 1000 Canadian sports fans who indicated they were either hockey fans or
lacrosse fans or both, had the following result.

• 800 indicated that they were hockey fans

• 600 indicated that they were lacrosse fans

Based on the sample, find the probability that a Canadian sports fan is not a hockey fan
given that she/he is a lacrosse fan.

A) 1
5

B) 1
4

C) 1
3

D) 1
2

E) 1

10. Three boxes are numbered 1, 2 and 3. For k = 1, 2, 3, box k contains k blue marbles and
5− k red marbles. In a two-step experiment, a box is selected and 2 marbles are drawn
from it without replacement. If the probability of selecting box k is proportional to k,
what is the probability that the two marbles drawn have different colors?

A) 17
60

B) 34
75

C) 1
2

D) 8
15

E) 17
30

11. In Canada’s national 6-49 lottery, a ticket has 6 numbers each from 1 to 49, with no
repeats. Find the probability of matching exactly 4 of the 6 winning numbers if the
winning numbers are all randomly chosen.

A) 0.00095 B) 0.00097 C) 0.00099 D) 0.00101 E) 0.00103
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12. A number X is chosen at random from the series 2, 5, 8, . . . and another number Y is
chosen at random from the series 3, 7, 11, . . .. Each series has 100 terms. Find P [X = Y ].

A) 0.0025 B) 0.0023 C) 0.0030 D) 0.0021 E) 0.0033

13. Let X have the density function f(x) = 3x2

θ3
for 0 < x < θ, and f(x) = 0, otherwise. If

P [X > 1] = 7
8
, find the value of θ.

A) 1
2

B) (7
8
)1/3 C) (8

7
)1/3 D) 21/3 E) 2

14. A group insurance policy covers the medical claims of the employees of a small company.
The value, V , of the claims made in one year is described by V = 100, 000Y where Y

is a random variable with density function f(y) =

{
k(1− y)4 for 0 < y < 1

0 otherwise,
where k

is a constant. What is the conditional probability that V exceeds 40,000, given that V
exceeds 10,000?

A) 0.08 B) 0.13 C) 0.17 D) 0.20 E) 0.51
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15. An insurance company insures a large number of homes. The insured value, X of a
randomly selected home is assumed to follow a distribution with density function

f(x) =

{
3x−4 for x > 1

0 otherwise.

Given that a randomly selected home is insured for at least 1.5, what is the probability
that it is insured for less than 2?

A) 0.578 B) 0.684 C) 0.704 D) 0.829 E) 0.875

16. An urn contains 10 balls: 4 red and 6 blue. A second urn contains 16 red balls and an
unknown number of blue balls. A single ball is drawn from each urn. The probability
that both balls are the same color is 0.44. Calculate the number of blue balls in the
second urn.

A) 4 B) 20 C) 24 D) 44 E) 64

17. An auto insurance company has 10,000 policyholders. Each policyholder is classified as
(i) young or old; (ii) male or female; and (iii) married or single. Of these policyholders,
3000 are young, 4600 are male, and 7000 are married. The policyholders can also be
classified as 1320 young males, 3010 married males, and 1400 young married persons.
Finally, 600 of the policyholders are young married males. Calculate the number of the
company’s policyholders who are young, female, and single.

A) 280 B) 423 C) 486 D) 880 E) 896
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18. An actuary studying the insurance preferences of automobile owners makes the following
conclusions: (i) An automobile owner is twice as likely to purchase collision coverage as
disability coverage. (ii) The event that an automobile owner purchases collision cover-
age is independent of the event that he or she purchases disability coverage. (iii) The
probability that an automobile owner purchases both collision and disability coverages is
0.15. Calculate the probability that an automobile owner purchases neither collision nor
disability coverage.

A) 0.18 B) 0.33 C) 0.48 D) 0.67 E) 0.82

19. Upon arrival at a hospital’s emergency room, patients are categorized according to their
condition as critical, serious, or stable. In the past year: (i) 10% of the emergency room
patients were critical; (ii) 30% of the emergency room patients were serious; (iii) the rest
of the emergency room patients were stable; (iv) 40% of the critical patients died; (v)
10% of the serious patients died; and (vi) 1% of the stable patients died. Given that
a patient survived, calculate the probability that the patient was categorized as serious
upon arrival.

A) 0.06 B) 0.29 C) 0.30 D) 0.39 E) 0.64

20. A company establishes a fund of 120 from which it wants to pay an amount, C, to
any of its 20 employees who achieve a high performance level during the coming year.
Each employee has a 2% chance of achieving a high performance level during the coming
year. The events of different employees achieving a high performance level during the
coming year are mutually independent. Calculate the maximum value of C for which the
probability is less than 1% that the fund will be inadequate to cover all payments for
high performance.

A) 24 B) 30 C) 40 D) 60 E) 120
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Solutions

1. Solution: We define F (t) to be the population at time t. Then F (0) = 6, limt→∞ F (t) =
30, and F ′(t) = Aet

(0.02A+et)2
.

Using the substitution u = 0.02A+ et, we have:

F (s)−F (0) =

∫ s

0

F ′(t)dt =

∫ s

0

Aet

(0.02A+ et)2
dt = − A

0.02A+ et

∣∣∣∣t=s

t=0

=
A

0.02A+ 1
− A

0.02A+ es

so that:

F (s) = 6 +
A

0.02A+ 1
− A

0.02A+ es

Then:

lim
s→∞

F (s) = 6 +
A

0.02A+ 1
= 30 ⇒ A

0.02A+ 1
= 24 ⇒ A = 46.15

Therefore, F (s) = 30− 46.15
0.923+es

. In order to have F (t) = 10, we have:

30− 46.15

0.923 + es
= 10 ⇒ 46.15

0.923 + es
= 20 ⇒ 0.923+es = 2.3075 ⇒ es = 1.3845 ⇒ s = 0.325

Answer: A) 0.3

2. Solution: Let’s use inclusion-exclusion for CBS, NBC, ABC:

Total watching at least one of CBS, NBC, ABC:

34 + 15 + 10− (7 + 6 + 5) + 4 = 59− 18 + 4 = 45

HGTV watchers: 18, and none of these watched CBS, NBC, or ABC.

So total watching at least one of the 4 channels: 45 + 18 = 63

Thus, not watching any: 100− 63 = 37

Answer: B) 37

3. Solution: Let A = auto, H = homeowners, R = renters.

Given: H and R mutually exclusive.

Let P (R) = r, P (H) = 2r.

We know P (H ∩ Ac) = 11%, so H ∩ Ac = 11.

Also H and R mutually exclusive means P (H ∩R) = 0.

Let x = P (A ∩H), y = P (A ∩R).

Then P (H) = x+ 11 = 2r, P (R) = y + (R only) = r.

But R only = P (R)− P (A ∩R) = r − y.

Two products total: x+ y = 35.
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P (A) = A only + x+ y = 64 ⇒ A only = 29.

Total probability: 29 + 11 + (r − y) + x+ y + 17 = 100

29 + 11 + r − y + x+ y + 17 = 57 + r + x = 100 ⇒ r + x = 43.

But x+ 11 = 2r ⇒ x = 2r − 11.

So r + (2r − 11) = 43 ⇒ 3r − 11 = 43 ⇒ 3r = 54 ⇒ r = 18.

Then x = 2(18)− 11 = 36− 11 = 25, and y = 35− x = 10.

So P (A ∩R) = y = 10%.

Answer: B) 10%

4. Solution: From (ii), pn − pn+1 = d (constant) for n = 0, 1, 2, 3, 4.

So p0 − p1 = p1 − p2 = · · · = p4 − p5 = d.

Thus pn = p0 − nd for n = 0, 1, . . . , 5.

From (iii): p0 + p1 = 0.4.

So p0 + (p0 − d) = 2p0 − d = 0.4.

Also, sum of all probabilities = 1:

p0 + p1 + p2 + p3 + p4 + p5 = 1

p0 + (p0 − d) + (p0 − 2d) + (p0 − 3d) + (p0 − 4d) + (p0 − 5d) = 6p0 − 15d = 1

We have: {
2p0 − d = 0.4

6p0 − 15d = 1

Multiply first equation by 3: 6p0 − 3d = 1.2.

Subtract second equation: (6p0 − 3d)− (6p0 − 15d) = 1.2− 1

12d = 0.2 ⇒ d = 0.2
12

= 1
60

Then 2p0 − 1
60

= 0.4 ⇒ 2p0 = 0.4 + 1
60

= 24
60

+ 1
60

= 25
60

So p0 =
25
120

= 5
24

We want P (more than 3 claims) = p4 + p5

p4 = p0 − 4d = 5
24

− 4
60

= 5
24

− 1
15

p5 = p0 − 5d = 5
24

− 5
60

= 5
24

− 1
12

Find common denominator 120:

p4 =
25
120

− 8
120

= 17
120

p5 =
25
120

− 10
120

= 15
120

Sum: 17
120

+ 15
120

= 32
120

= 8
30

≈ 0.2667

Closest to 0.27.

Answer: C) 0.27
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5. Solution: Let L = liability claim, P = property claim.

Given: P (L) = 0.04, P (P ) = 0.10, P (L ∩ P c) = 0.01.

Then P (L ∩ P ) = P (L)− P (L ∩ P c) = 0.04− 0.01 = 0.03.

P (P ∩ Lc) = P (P )− P (L ∩ P ) = 0.10− 0.03 = 0.07.

Probability of at least one claim: P (L∪P ) = P (L)+P (P )−P (L∩P ) = 0.04+0.10−0.03 =
0.11.

Probability of no claim: 1− 0.11 = 0.89.

Answer: E) 0.890

6. Solution: Let k = proportion of king, q = proportion of queen, t = proportion of twin.

Given: q = 1
4
(k + t) and k = 3t.

Also k + q + t = 1.

Substitute k = 3t into first equation: q = 1
4
(3t+ t) = 1

4
(4t) = t.

Then k + q + t = 3t+ t+ t = 5t = 1 ⇒ t = 0.2.

So k = 0.6, q = 0.2, t = 0.2.

Probability king or queen: 0.6 + 0.2 = 0.8.

Answer: C) 0.80

7. Solution: We use Bayes’ theorem. Let C be the event ”at least one collision”.

We want P (Young Adult | C).

First, calculate P (C ∩ Young Adult) = P (C | Young Adult) · P (Young Adult) = 0.08 ×
0.16 = 0.0128.

Now calculate total probability of C:

P (C) = P (C | Teen)P (Teen) + P (C | Young Adult)P (Young Adult)

+ P (C | Midlife)P (Midlife) + P (C | Senior)P (Senior)

= 0.15× 0.08 + 0.08× 0.16 + 0.04× 0.45 + 0.05× 0.31

= 0.012 + 0.0128 + 0.018 + 0.0155 = 0.0583

Then P (Young Adult | C) = 0.0128
0.0583

≈ 0.2196 ≈ 0.22.

Answer: D) 0.22

8. Solution: Let R1, R2, R3 be the events that the ball chosen from Urn 1, Urn 2, and Urn
3 is red, respectively.

We want P (R1 ∩R2 ∩R3).

P (R1) =
5
10

= 1
2

Given R1 occurred, Urn 2 has 5 red and 6 blue balls, so P (R2 | R1) =
5
11
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Given R1 and R2 occurred, Urn 3 has 4 red balls (original 3 plus 1 from Urn 2), so
P (R3 | R1 ∩R2) =

4
4
= 1

Thus:

P (R1 ∩R2 ∩R3) = P (R1) · P (R2 | R1) · P (R3 | R1 ∩R2) =
1

2
· 5

11
· 1 =

5

22

Answer: D) 5
22

9. Solution: Let H = hockey fans, L = lacrosse fans.

Given: n(H) = 800, n(L) = 600, total = 1000.

Using inclusion-exclusion: n(H ∪ L) = n(H) + n(L)− n(H ∩ L)

Since all 1000 are either hockey or lacrosse fans or both: 1000 = 800 + 600− n(H ∩ L)

So n(H ∩ L) = 1400− 1000 = 400

Then n(L ∩Hc) = n(L)− n(H ∩ L) = 600− 400 = 200

We want P (Hc | L) = n(L∩Hc)
n(L)

= 200
600

= 1
3

Answer: C) 1
3

10. Solution: The probability of selecting box k is proportional to k, so:

P (Box 1) =
1

6
, P (Box 2) =

2

6
, P (Box 3) =

3

6

Now calculate probability of drawing two different colors from each box:

- Box 1: 1 blue, 4 red. P (different) = 1·4
(52)

= 4
10

= 2
5

- Box 2: 2 blue, 3 red. P (different) = 2·3
(52)

= 6
10

= 3
5

- Box 3: 3 blue, 2 red. P (different) = 3·2
(52)

= 6
10

= 3
5

Total probability:

P =
1

6
· 2
5
+

2

6
· 3
5
+

3

6
· 3
5
=

2

30
+

6

30
+

9

30
=

17

30

Answer: E) 17
30

11. Solution: Total number of ways to choose 6 numbers from 49:
(
49
6

)
= 13, 983, 816

Number of ways to match exactly 4 winning numbers: - Choose which 4 of your 6 numbers
match:

(
6
4

)
= 15 - Choose the other 2 numbers from the 43 non-winning numbers:(

43
2

)
= 903

Total favorable outcomes: 15× 903 = 13, 545

Probability: 13,545
13,983,816

≈ 0.00096862

Answer: B) 0.00097
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12. Solution: The first series: 2, 5, 8, . . . has 100 terms. This is arithmetic with first term 2,
common difference 3. The nth term is 2 + 3(n− 1) = 3n− 1

The second series: 3, 7, 11, . . . has 100 terms. This is arithmetic with first term 3, common
difference 4. The mth term is 3 + 4(m− 1) = 4m− 1

We want 3n− 1 = 4m− 1 ⇒ 3n = 4m ⇒ n = 4m
3

Since n and m are integers between 1 and 100, m must be divisible by 3. The possible
values: m = 3, 6, 9, . . . , 99 (33 values)

But wait, let’s check more carefully: 3n = 4m ⇒ n = 4m
3

For n to be an integer ≤ 100,
m must be a multiple of 3 and 4m

3
≤ 100 ⇒ m ≤ 75

So m = 3, 6, 9, . . . , 75 (25 values)

Thus there are 25 pairs (X,Y ) where X = Y out of 100× 100 = 10, 000 total pairs.

Probability: 25
10,000

= 0.0025

Answer: A) 0.0025

13. Solution: Since f(x) = 0 if x > θ, and since P [X > 1] = 7
8
, we must conclude that

θ > 1. Then:

P [X > 1] =

∫ θ

1

f(x)dx =

∫ θ

1

3x2

θ3
dx =

[
x3

θ3

]θ
1

= 1− 1

θ3
=

7

8

Solving: 1
θ3

= 1
8
⇒ θ3 = 8 ⇒ θ = 2

Answer: E) 2

14. Solution: First find k:∫ 1

0

f(y)dy =

∫ 1

0

k(1− y)4dy = k · 1
5
= 1 ⇒ k = 5

We want P [V > 40, 000 | V > 10, 000] = P [V >40,000]
P [V >10,000]

Since V = 100, 000Y , we have:

P [V > 40, 000] = P [Y > 0.4] =

∫ 1

0.4

5(1− y)4dy = (0.6)5 = 0.07776

P [V > 10, 000] = P [Y > 0.1] =

∫ 1

0.1

5(1− y)4dy = (0.9)5 = 0.59049

Conditional probability: 0.07776
0.59049

≈ 0.1317

Answer: B) 0.13

15. Solution: We want P [X < 2 | X ≥ 1.5] = P [1.5≤X<2]
P [X≥1.5]

First compute P [X ≥ 1.5]:

P [X ≥ 1.5] =

∫ ∞

1.5

3x−4dx =
[
−x−3

]∞
1.5

=
1

(1.5)3
=

1

3.375
≈ 0.29630
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Now compute P [1.5 ≤ X < 2]:

P [1.5 ≤ X < 2] =

∫ 2

1.5

3x−4dx =
[
−x−3

]2
1.5

=
1

(1.5)3
− 1

23
=

1

3.375
−1

8
≈ 0.29630−0.12500 = 0.17130

Conditional probability: 0.17130
0.29630

≈ 0.578

Answer: A) 0.578

16. Solution: Let Ri = event that a red ball is drawn from urn i and let Bi = event that a
blue ball is drawn from urn i. Then, if x is the number of blue balls in urn 2:

0.44 = Pr[(R1 ∩R2) ∪ (B1 ∩B2)] = Pr[R1 ∩R2] + Pr[B1 ∩B2]

= Pr[R1] Pr[R2] + Pr[B1] Pr[B2] =
4

10

(
16

x+ 16

)
+

6

10

(
x

x+ 16

)
0.44 =

64

10(x+ 16)
+

6x

10(x+ 16)
=

6x+ 64

10(x+ 16)

4.4(x+ 16) = 6x+ 64

4.4x+ 70.4 = 6x+ 64

1.6x = 6.4

x = 4

Answer: A) 4

17. Solution: Let N(C) denote the number of policyholders in classification C. Then:

N(Young and Female and Single) = N(Young and Female)−N(Young and Female and Married)

= N(Young)−N(Young and Male)− [N(Young and Married)−N(Young and Married and Male)]

= 3000− 1320− (1400− 600) = 880

Answer: D) 880

18. Solution: Let C = Event that a policyholder buys collision coverage and D = Event
that a policyholder buys disability coverage. Then we are given that P [C] = 2P [D] and
P [C ∩D] = 0.15. By the independence of C and D:

0.15 = P [C ∩D] = P [C]P [D] = 2P [D]2

P [D]2 = 0.15/2 = 0.075

P [D] =
√
0.075, P [C] = 2

√
0.075

Independence of C and D implies independence of Cc and Dc. Then:

P [Cc ∩Dc] = P [Cc]P [Dc] = (1− 2
√
0.075)(1−

√
0.075) ≈ 0.33

Answer: B) 0.33
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19. Solution: Let S = event that a patient survived. We want P (Serious | S).
Using Bayes’ theorem:

P (Serious | S) = P (S | Serious)P (Serious)

P (S | Critical)P (Critical) + P (S | Serious)P (Serious) + P (S | Stable)P (Stable)

=
(0.9)(0.3)

(0.6)(0.1) + (0.9)(0.3) + (0.99)(0.6)
=

0.27

0.06 + 0.27 + 0.594
=

0.27

0.924
≈ 0.292

Answer: B) 0.29

20. Solution: Let X denote the number of employees who achieve the high performance
level. Then X follows a binomial distribution with parameters n = 20 and p = 0.02. Now
we want to determine x such that P [X > x] < 0.01 or equivalently 0.99 ≤ P [X ≤ x] =∑x

k=0

(
20
k

)
(0.02)k(0.98)20−k

The first three probabilities (at 0, 1, and 2) are:

P (X = 0) = (0.98)20 ≈ 0.668

P (X = 1) = 20(0.02)(0.98)19 ≈ 0.272

P (X = 2) =

(
20

2

)
(0.02)2(0.98)18 ≈ 0.053

The total is 0.668 + 0.272 + 0.053 = 0.993 and so the smallest x that has the probability
exceed 0.99 is 2. Thus C = 120/2 = 60.

Answer: D) 60
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