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Problem 1

Let E have finite outer measure. Show that E is measurable if and only if for each open,
bounded interval (c, b), b - a : m' ((a,b) o E) + m' ((a, b) - E).
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Problem 2

(a) For the function / and the set F in the statement of Lusin's Theorem, show that the
restriction of / to F is a continuous function.

(b) Prove the extension of Lusin's Theorem to the case that / is not necessarily real-valued,
but may be finite a.e.
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Problem 3

Let {/r} be a sequence of integrable functions on E for which f, -+ f a.e. on E and / is
integrable over E. Show that tElf - t',|-+ 0 if and only if lim,-- L lt',l = Ic l/1. (Hint: Use
the General Lebesgue Dominated Convergence Theorem.)
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Problem 4

Consider the sequence of functions

/ x\n
ln(x) = (1 + -,)

(a) For all n ) 1 and r > -n, show that/, is monotone increasing and that

f,(x) a e'.

(b) Evaluate 
n^ ['f,(x)e-5,ax.nr@ J0
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Problem 5

Ifl is continuous on [a, D] and /'exists and is bounded on (a, b), then show that / is absolutely
continuous on [a, b].
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Problem 5

Assume E has finite measure and 1 < p < oo. Suppose {/,,} is a sequence of measurable
functions that converge pointwise a.e. on E to /. For 1 < p < co, show that lf,j -+ f in Lr Q)
if there is a > 0 such that {/,} belongs to and is bounded as a subset of LP+n(E).
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Problem 7

l*t (X, M, y) be a measure space and {fi, } be a sequence of nonnegative integrable functions
on X. Suppose that {1, (r) } -+ 0 for almost all r € X. Show that

lin I h,atr:o
n+@Jx

if and only if {hn } is uniformly integrable and tight over X.
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Problem 8

t et N be the set of natural numbers, and let .M : 2N and c be the counting measure by sefting
c(E) equal to the number of points in E if E is finite and oo if E is infinite. l,et (X,A,y) =
(Y,B,v) = (N,,M,c). Define/: N x N -+ Rby

(z-z-' il x=y,
f(x,y): l-z+z-, if x=y+1,

[o otherwise.

(a) Show that/ is measurable with respect to the product measure c x c.

(b) Show that

l^ll^r w, a"r*1f a44 * l*ll* r o,,tac61] ac61.

(c) Is this a contradiction either of Fubini's theorem or Tonelli's theorem ?
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