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1. (a) (15 points) Find all entire functions f such that

|f(2)| <|z|*3, forall z €C.
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2. (a) (5points) Let f be an entire function such that |Im f(z)| < 7 for all z € C. Show that f is
constant.
(b) (5 points) Show that there is no nonconstant entire function g such that
g(C)cC\{xeR: x<0}.

(c) (10 points)
—1
(i) Show that T'(z)= Z—H maps C\[—1,1]onto C\ {x R : x <0}.
z
(i) Show that if & is an entire function such that h#(C) c C\ [—1, 1], then £ is a constant.
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3. (10 points) Describe all entire functions f such that

|f(2)| <|sin(z)| forall z € C.
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4. Suppose that f : A — A is analytic on the open unit disc A ={z € C : |z| < 1} and continuous on
|z] =1 such that f(0)= f(a)=0, where a € A, and a #0.

(@) (5points) Show that |f’(0)| <|al|. (Hint: Consider z¢,(z), where ¢,(z) = ——)
(b) (5 points) Find f, if |f’(0)| =|al.

Page 5 of 8



Comprehensive Exam- Math 533 1 September 2021

5. (a) (10 points) Let ¢ be a simply closed, positively oriented contour and f be an analytic func-
tion inside and on ¥. Assume that f does not vanish on €. Let {a,,...,ay} be the zeros of
f inside %6 (counted with multiplicities). Show that

1 [ 2f12)

2ni )., f(z)

dz=a,+...+ay.

(b) (5 points) Application: Let n €N, n > 2. Find

Zl’l
3£ dz
zn—1

|z|=2
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6. LetneN, n>1and a€(—1,1), with a #0.

2n einH
(a) (10 points) Compute JO (el —a)(e—i? —a) a0
an cosnb
9 Deduce [ — 0.
(b) (5 points) Deduce fo —2acosf+a”
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7. (15 points) Let f(z)=z®—2z +4. Show that all the zeros of f lie on the annulus A={z€C : 1<
|z| < 2}.
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