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Part I: Solve 4 of the 6 questions in this part showing full details.

Q1. (20 points) Let R be a commutative ring, X an indeterminate over R and I a
nonzero ideal of R. Consider the polynomial ring R[X| and the ideal

IX] :={{ay+ a1 X +---+a,X" | a; € I for each i, n > 0 an integer}.

(a) Show that if P is a prime ideal of R, then P[X] is a prime ideal of R[X].

(b) Let M be a maximal ideal of R. Is M[X] a maximal ideal of R[X]?

(c) Prove that if @) is a P-primary ideal of R (for some prime ideal P of R), then Q[X]
is a P[X]-primary ideal of R[X].

d) Find a primary decomposition of the ideal (4X? —4,2X® — 2X, X* — X?) of Z[X].

Q2. (20 points) Let R be a ring and consider the commutative diagram of left R-modules
and R-linear maps such that each row is exact:

L, % oM 2N, —o0

al gL i

0 —>LQ T> M2 —>N2
2 g2

Prove that:
(a) If @ and 7 are monomorphisms, then f is a monomorphism.
(b) If a and ~ are epimorphisms, then ( is an epimorphism.
(c) If a is an epimorphism and /3 is a monomorphism, then 7 is a monomorphism.
(d) If 8 is an epimorphism and + is a monomorphism, then « is an epimorphism.

Q3. (20 points) Let R be an integral domain. An R-module M is divisible when the
equation rz = m has a solution x € M for every r € R\{0} and m € M.

(a) Show that every injective R-module is divisible.

(b) Show that if R is a PID, then every divisible R-module is injective. (Hint: Use
Baer’s criterion of injectivity).

(c) Show that the direct product Q* and the direct sum Q™ are injective as Abelian
groups for any arbitrary (not necessarily finite) nonempty index set A.

(d) Let P be the set of prime positive integers. For every p € P, consider the Priifer
group Zy,~, i.e. the additive group generated by

{a,"+ ,an, | pay =0, -+ ,pa, = a,_1 for n > 1}.
Show that € Z,~ is injective as an Abelian group.
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Q4. (20 points) Let R be a ring and 0 — L Ty M %5 N~ 0 be an exact sequence
of left R-modules.

(a) Show that if M ~ L & N and gM is injective, then gL and rN are injective.

(b) Show that if gL is injective, then the sequence splits.

(c) Show that if gL and g M are injective, then g N is injective.

(d) Let gM and gN be injective. Is gL injective?

Q5. (20 points) Let R be an Artinian commutative ring.

(a) Prove that if R is an integral domain, then R is a field.

(b) Show that every prime ideal of R is maximal.

(c) Prove that R has only finitely many prime ideals.

(d) Let N be the nil radical of R (i.e. the ideal of all nilpotent elements of R). Prove
that N is nilpotent (i.e. N* =0 for some positive integer k).

Q6. (20 points) Let R be a ring, M a left R-module, L an R-submodule of M and set
N := M/L. Show that
(a) If gM is Noetherian, then gL and grN are Noetherian.
(b) If gL and gN are Noetherian, then rM is Noetherian.
(c) If gM is Artinian, then gL and gN are Artinian.
(d) If gL and gN are Artinian, then g M is Artinian.

Part 1I: Solve each of the following two questions:

Q7. (8 points) Compute the following Abelian groups (up to isomorphism):
(a) Zya ®z Zso

(b) Q®z Q

Q8. (12 points) Prove or disprove (showing full details):
(a) Every commutative Noetherian ring R with zero Jacobson radical is semisimple.
(b) Every left semisimple ring is right semisimple.

(c) If R is a Noetherian commutative ring, then every proper ideal of R has a unique
primary decomposition.

GOOD LUCK



