Department of Mathematics, KFUPM
Fractional Differential Equations
Comprehensive Exam (T232)
Duration: 180 minutes

SARNENAINE: v e i e et e

Q al 2 3 4 5 6 v 8 Total
Max 10 10 10 10 10 10 10 10 70
Points

Instructions

e Seven Problems only: Select any seven problems that you feel confident about
solving. Only the first 7 chosen problems will be graded.

e Separate Sheets: For each problem in the exam, use separate sheet of papers to write
down your solution.

e Labeling: At the top of each sheet, clearly write the problem number.

e Order: Arrange the sheets in order according to the problem numbers.

e Points distribution: the maximum score is 70 points, 10 points for each problem.

Compute ‘Dff,0<a<1,t>0,for

£, el
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Let f € L*(a, b). Consider the Riemann-integral of order & > 0,

1 b
(F_ix) = HF(T)J’ (s —x)* 1 f(s)ds, x < b.

Show that If_f € AC[a, b] fora > 1.

Let f € C[a,00) and 1 < a < 2. Show that u € AC[0, ) is a solution of
“Dfu(t) = f(t), t >0,
u(0 =u, w0 =1y,
if and only if u is a solution of the problem
u'(t) = 17 f(6) +uy,
u(0) = u,.
Solve the Cauchy problem
‘DIy(t) —4y(t) =0, >0,
y@=1 y'(0=0  y"(0)=2



5) Prove the following identity or show it is not correct,

RLpIZRLD3ZE (%) = D2E,(x).

6) Calculate the following derivative,

‘DE(x — 1)%,

. o r =
Hint. (x + y)" = Xy (k) xEyk. Tl > Iyl

O<a<l.

7) Use successive approximation to compute u, (¢) and u,(t) only for

‘Dfu=1t+u*

u(0) = 0.

8) Letu € C*[0,T],T > 0.
(@) Show thatfor a € (0,1],

“DEuP(t) % 2ull) “DEult) «

<a< |,

t >0,

“lul) —uls)]u'(s)
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(b) Give a function u such that §DFu?(t) = 2 u(t) “Dfu(t).

(c) Give a function u such that §DFu?(t) < 2 u(t) ‘DEu(t).

(Hint. Consider u(t) = tf)

ds = 0.

Formula

DERF(0)

IERDEf () = f(1) - Ta—k+1)
k=1

n-1
f®(a) l
“Dif = "Dg |f - (x—a)*
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LUGf ()} = s7“F(s)

L{tF1E, s (%)) = L{1}=1/s

L{R'DEf} = s*F(s) — Z #HDE*F)(0)
k=1
n-1

L{°DEF} = s%F(s) = ) s**~1(D*F)(0)

k=0




