KFUPM MATHb575: Introduction to Approximation Theory Term 221
PHD COMPREHENSIVE EXAM
Duration: 180 minutes
ID:
NAME:
e Show your work. Problem Score
* There are empty pages attached to this
exam booklet. 1
¢ Calculators are allowed.
* You may use the following formulae 2
(i) Newton’s divided difference for-
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n j—1
pu(x) = flxo] + ) flxo, -+ ] T J(x — ),
j=1 i=1 4
(ii) Lagrange basis
X — Xk . 5
Li(x)= , =1,2,...,n.
i(x) 11]1, P J
k#j
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Problem 1 (20 points)

Consider the function
flx) =x341.

a) Use xp = 0,x; = 1 and x, = 1 to construct the Lagrange interpolation polynomial of de-
2 grang p poly
gree at most two to approximate f(}) and find the absolute error of this approximation.

(b) Explain why the obtained absolute error from (a) is given by

= (3-0) () ()]
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Problem 2 (25 points)

Let f : R — R be a function and & a positive real number. Define the forward difference
operator Ay, by

Mif(x) = flx+h) = f(x).
Powers of Ay, are defined recursively by

MF() = fx),  ALf(x) = MAF(x), k=12,...

(a) Show by induction on #n that
1
flx,x+hx+2h,... x+nh = WAZf(x),

where

f [x1/x2/-'-1xj] _f [x0/x1/x21-'-/xj—l]

fxo, x1,x2,...,xj] = F— , and f[xo] = f(xo)-

is the divided difference of f at xo, x1, x2, ..., X;.

(b) Using the Newton’s divided difference interpolation formula, show that the interpolat-
ing polynomial of degree at most n of f at the points xo, xo + h, xo 4+ 2h, ..., x9 + nh is
given by the Newton forward difference formula

mm=§C%MW

where

g X=X (s)zs(s—l)..]..!(s—j%—l), with (3):1.
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Problem 3 (15 points)

Consider the function
f(x) =a* with a>1 areal number.

(a) With the notation of the previous Problem, show by induction on the integer k that
AYf(x) = (a—1)*a"

(b) Conclude, using Newton forward difference interpolation formula, that the interpolating
polynomial for f constructed at the integers 0,1,2,...,n, is given by

i) = La-1(§)

(c) Use part (b) to show the identity

nn+1)2n+1)
6

12422432 4. . +n=
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Problem 4 (15 points)

Leta < b € R. Let {m, 71, ..., 7y, ...} be a sequence of orthogonal polynomials on the interval
[a, b] with respect to a weight function w : [a,b] — (0,0), i.e. degree of 77; = j and

b
(i, tj) = /a mi(x)i(x)w(x)dx =0, i#j.

Further, let x1, x5, . .., x;,, be the zeros of ;.

(a) Show that the Lagrange polynomials of degree (n — 1) based on x, x, .. ., x, are orthog-
onal to each other, that is

/ub Li(x)Lj(X)w(x)dx -0, i 7& ]_’

(b) For a given function f, let

vk =f(x), k=12,...,n

Show that the polynomial p,,_1 (x) of degree at most (1 — 1) that interpolates the function
f at the zeros xq, x, . .., x,, satisfies

n
2
lpnall® = ) willLel?,
k=1

where the weighted norm ||.|| is defined as

gl = \//ahg(X)zw(x)dx,

for any suitably integrable function g.
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Problem 5 (15 points)
Let S be the cubic spline that interpolates a function f € C?[a, b] at the knots
a=x1<xn<...<x,=b
and satisfies the clamped boundary conditions
§'(a) = f'(a), S'(b) = f'(b).
For x € [a,b],let D(x) = f(x) — S(x),

(a) Using integration by parts show that

/ " §1(x)D" (x)dx = — / " 50 (x) D' (x)dx.

a

(b) Divide the interval [a, b] into sub-intervals and use integration by parts to show that

b
/ S®)(x)D'(x)dx = 0.

(c) Conclude that

/b [S”(x)}zdx < /b [f”(x)fdx.

a a
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Problem 6 (10 points)

Leta < b € R. Let {mp, m1,..., 7y, ...} be a sequence of orthonormal polynomials on the
interval [a, b] with respect to a weight function w : [a,b] — (0, ), i.e. degree of 71; = j and

b
(rt;, i) = /a 7 (x) 7t (x)w (x)dx = 5.

Let P be a polynomial of degree n and denote by IP,, the linear space of real polynomials of
degree at most m (m < n). Consider the least squares problem

Q* = argmin /ab (Q(x) — P(x))* w(x)dx, m <n. (%)

QEIPHZ

Writing P as
n
P(x) = ) axm(x),
k=0

show that the solution to (¥) is given by

Q*(x) = i a7 (x).
Py
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