
King Fahd University of Petroleum and Minerals

Department of Mathematics and Statistics

Math 6OL

Comprehensive Exam- Term 232
Wednesday, January 24 , 2024

Allowed Time: 150 minutes

Name:

lD f:
Soction f: Serial Number:

lnstructions:

1. Write clearly and legibly. You may lose points for messy work.

2. Show all your work. No points for answers without justifications !
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Exercise 1:(15)
l,ct X be a continuous random va.riable that takes only nonnegative values with mean p and
vilriance a2.
A-(08) i)- Prove that for any value a > 0

P{x2a}. ry (a)

ii)- Prove that for any k > 0

P(l x - pl> k) <4
llint: You may use the result in (a)

(b)

B-(07) Suppose we know that the number of items produced in a factory during a week is
a random va.riable with mean 500.
l- Find the probability that this week's production will be at least 1000 ?

2- If the variance of a week's production is equal 100, then find the probability that this
rveek's production will be between 400 and 600 ?

Ilint: You may use the results in A).
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Exercise 2: ( 12)
Srrppose the joint density of two random variables X a;lLd Y is given by:

J@,il: | 6xY(2- x - u), occ < 1, o<Y< 1

t ., "' ' 
"Lil,*ii", (c)

(lompute the conditional expectation of X given that Y : y.
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Exercise 3:(12)
'l'he probability density function (pdf) of the duration of the (independent) intera.rrival times
betweeu successive ca.rs on Da.m-mam-Riyadh Highway is grven by

s-here these durations are measured in seconds.

A-(04) An old fennec fox requires 12 seconds to cross the highway, and he starts out immediately
alter a car goes by. What is the probability that he will survive?

B-(04) Another old fennec, slower but tougher, requires 24 seconds to cross the road, but
it takes two cars to kill him. If he staxts out at an arbitrary time, determine the probability
t hat he survives.

C-(04) If both these fennec foxes sta.rt out at the same time, immediately after a cax goes

lry, what is the probability that exactly one of them survives?
( Hint: Consider a random variables Nr : the number of cars in the first 12 seconds aud
.Vz : the number of cars in the second 12 seconds.)

ha): {&" ' i? 3,
(d)



Exercise 4: (15)
Let (O,"F,P) be a probability space equipped with filtration (fi)rro md B1,t > 0 be the
sl,anda.rd Brownian motion with respect to P and tr
Show that the process Y defined by [ :: * Bl, t > 0, satisfies the stochastic differential
rrluation:

aU: (?rU+a(raall) dt+t(tY)ZdBt, Yo:0. (")
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Exercise 5:(13)
l,et B(t) be a 1-dimensional Brownian motion and Y(t) : (yr(r), Yr(|) : (cos(B(t)), sln(B(t))).
Show that the It6 process Y(t) can be written in the following form:

dY: aYd,t + KYdB, (f)

rr'here a is a constant ard K a suitable matrix.
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Exercise 6:(16)
'I he charge Q(t) at time f at a fixed point in an electric circuit satisfies the 2-dimensional
st ochastic differential equation:

I qi* RQr+lQt:Gt-tawt
I qtdl : 0., o't6'l - ro giu"., , (s)

n'lrere W1 is a one-dimensional white noise, L, R, C, a, 10 are constants and G1 a given function.

l'(08) Put

&( ): ( tr::gi) rnr

lrrd show that the SDE (S) can be written in the following form

dXr: trYr61* H(t)dt+ K dBr, (i)

rllrere .4, // and K are suitable matrices and 81 a Brownian motion.

2-(08) Find the solution X; of the stochastic differential equation (i).
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Exercise 7:/17)
'lo model the spot freight rate in shipping, J.Tvedt(1995) used the geometric mean reversion
Process X1 which is defined as the solution of the stoetrastic difierential equation

dXr: o1o -log X) Xlilt * o X1d.B1; & : c > 0, (j)

where r, o, o and o are positive consta,nts.
1-(08) Use the substitution Y =logXt to trnnsform the equation O into a linear stochastic

r lifferential equation for {.

2-(06) Solve the Linear SDE obtained in 1). (Hint: Apply It6 formula to e^, Ys ).

3-(03) Find the solution X, of the SDE 0).


