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Name:

Question 1: Let X,Y € R™. Show that
1
|X||Y|—X-YS§|X—Y|2.



Question 2: Consider

X1X
gXx) = 12 s> for X = (x1,x,) € R%

14 x7 + x2

Use directional derivatives to determine whether X = O is a minimal, maximal, or
saddle stationary point.



Question 3: Assume that Gateaux variations §/(y; v) and 6K (y; v) exist for all
y,v € Y. Show that
J KOy v) —J()SK(y;v)
6 s (y' v) - 2 Y
K K@)

provided that K(y) # 0.



Question 4: Let J(y) = f;f(y(x),y’(x)) dx be strictly convex on

D ={y € C'[a,b],y(a) = a,, y(b) = by}.

Show that the minimizer y, of J satisfies the differential equation:

f@.y)=y'fy(y") = const.



Question 5: Let y = y(x) = 0 be a smooth curve of length (£) on which an object of
mass (m) is sliding down from the point y, = y(0) to yz = y(1), due to the

gravitational acceleration (g). The object instantly takes an amount of time dt to cut
a distance ds with speed v.

Formulate the total traveling time T of the object in terms of y.



Question 6: The hanging cable problem suggests a minimal of the total potential
energy, equivalently written as:

L
EQ) = [, yds,
where L is the length of the cable, and y € C'[—a,a] N {y(—a) = y(a)}.

a) Develop a differential equation for finding the shape function of the cable.
b) Thecurvey =c¢ cosh(f) is a typical shape of the cable. Find an equation for

determining the value of c.



Question 7: The total potential energy of a fluid of volume 1/, in a cylindrical,

rotating column is given by
2

1) = pr [ 19y*G) - wory ()l
0
where £ is the radius of the column, and y(x) is the fluid’s level at x. The fluid’s

surface takes the shape y = y(x) that minimizes J. Find the shape of the fluid’s
surface.



Question 8: Let

2

F(y) = j [2y(x)? + x%y'(x)?]dx on D ={y € C[1,2]:y(1) =1}
1

a) Show that F has a unique minimizer.
b) Find the stationary function of F.
c) Find the minimizer of F.



Question 9: Let f € C1([a, b] X R*) and
b
F(y) = J oy, y'(x),y" (x),y" (x)) dx

on

D ={y € C*[a,bl:y(a) = ap,y'(a) = a;,y" (a) = a,,y(b) = by, y' ()
= by,y"(b) = by}.

Derive the Euler-Lagrange equation for minimizing F.



Question 10: Let f = f(2) be a strictly convex function on I, and

Find the minimizer of

b
F(y) = j £ () dx
on D = C'[a,b] N (y(@) = a1, y(b) = by}.



Question 11: Consider the Dirichlet’s Integral:

Kw) = j (w2 +w?) dQ,
Q
forw €D =C( Q)N {wlaq = 1}.

a) Define an admissible domain of variations.
b) Show that K is strictly convex on D.
c) Determine an associated differential equation for finding the minimizer of K.
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