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Exercise 1. Let L: R® — R3 be the linear operator defined by

X1 —X3
L(X) = [XZ - X3]

X1 —X2

Then, the kernel and range of L are given by

a) ker(L) = Span(ey, e2,e3), range(L) = Span(e; +¢3,e2 —€3)

b) ker(L) = Span(e; +e2 +e3), range(L) = Span(e; —e3,e2 —€3)

(

(

(c) ker(L) = Span(e;, e2,e3), range(L) = Span(e; +e3,e3 +€3)
(d) ker(L) = Span(e; + ez +¢e3), range(L) = Span(e; +e3,e2 —e3)
(

e) ker(L) = Span(ey, e2), range(L) = Span(e; —e3,62 —e3)

Exercise 2. Let P, denote the space of all real polynomials of degree <n -1, for
any integer n > 1. Let D be the differentiation operator on P3, and consider the

subspace S = {p €P3|p(0) = O}. Then:
a) D:S — Pj3is onto

b) D : S — Pj3 is one-to-one

(
(
(c) D: P3 — P; is one-to-one
(d) D : P3s — P, is NOT onto
(

e) None of the above statements is true



Exercise 3. LetL:R?® — R?be the linear transformation defined by L(x) = (2 t zj)

and let E = {111,112,113} and F = {b1,b2}, where

The matrix representing L with respect to the ordered bases E and F is given by
-3 2 1 2
@ |5 4 ) (; ; 8) @[3 0
0 0 00

ofh 39 eZ T

Exercise 4. Let L be the operator on P5 defined by L(p(x)) = xp’(x) +p”’(x). The
matrix representing L with respect to the ordered basis { 1, x, x+ xz} is given by

000 00 2 00 2 101 10 -1
) [o 1 o] (b) [o 1 —1] ©) (o 1 0] (d)[O 1 0] (e) {o 1 o]
00 2 00 2 00 2 00 1 00 1



Exercise 5. Letx and y be linearly independent vectors in R?. Suppose that HXH =2

1
and ||y|| =3 Which of the following is a possible value for xTy?

@1 OF ©+; @3 @7

-1 0 2
3 0 -6
Then, the orthogonal complement of R(A) is spanned by

@ () o] @4  @f @)

Exercise 6. Let A = ) and let R(A) denote the column space of A.



Exercise 7. Given n distinct real numbers x, ..., x,, for each pair of polynomials
p,q € Py, define the inner product by

p.q= Zp(xi)Q(xi)-
i=1

i—1
In Ps, let x; = L fori=1,2,3,4,5. Then, the length (or norm) of the polynomial
p(x) = 4x is equal to

(a) V30 (b) V31 (c) V32 (d) V120 (e) V124

Exercise 8. Letxe (O, E) and let A be an m X m matrix of the form

2
1 —cosx —CosX —CosX —CoSsX
0 sinx -—sinxcosx --- —SIinXxcosx —sinxcosx
0 0 sin?x ... —sin®xcosx  —sin®xcosx
A=].
0 0 0 ‘e sin 2 x —sin™ 2 xcosx
0 0 0 0 sin”1x

The Frobenius norm ||A[|r of this matrix is equal to

(@)1 (b) Vm—1 (c)m—-1 (d) Vm (e) m



1 2

V3

X= (ﬁ) in the basis {ulfuz} asx =auj +buy. Then,a+b =

Exercise 9. Let u; = \7_% and up = 13 be a basis of RZ. Write the vector
3

(a) 2 (b)3 (©3+2V2  (d)2V2 (e) 2+2V3
1 -1 4
. 1 4 -2
Exercise 10. Let A = 1 4 2|
1 -1 0
An orthonormal basis for the column space of A is given by
1 -1 1 1 -1 -1 1 -1 1
1) 11| 111 111 11| 1f{-1 111 5(1 -1
(a)§1/§ 1 /5_1 (b)§1/§ 1 /E 1 (C)Ellz 1 /2 1
1 -1 -1 1 -1 1 1 -1 -1
1 -1 1 1 -1 1
11 5|1 -1 11 111 1{-1
(d) 11’ E 11 2 1 (e) 2 11’ Y 1|’ E 1
1 -1 -1 1 -1 -1




Exercise 11. In C[-7, 7], consider the inner product defined by

o= | s

TU

Use an orthonormal set in C[-7t, 7t] to evaluate f cos*(x)dx =
-7

T 3n 51
OF © 5 @ ©

@ ;
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Exercise 12. Theorem Let py,p1,... be a sequence of orthogonal polynomials.
Let a; denote the lead coefficient of p; for each i, and define p_;(x) to be the zero
polynomial. Then

an+1pn+1(x) =(x _,Bn)Pn ()= AnYnPn-1 (%) (n=0)

Pn-1,XPn-1) PP
a=ro=1, a,= , =7, =————"— (nx1). =
0=70 "o, 2 1y " Pt oty )

Now, let po, p1,p2 be orthogonal polynomials with respect to the inner product
1
_ [ p&)a(x)
ey = [ B
Assume all polynomials have lead coefficient —1. If we use the above theorem to
calculate p; and p», then a correct choice for (pl,pz) is:

dx.




