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Exercise 1. LetA=| 0 2 O|andassume A = |ay ax» ax]|.
1 -2 3 az1 dzp 433
Then, (a11, a2, a33) =
1 1 1 1 1 1 1 1 1
@55 ®(;3) @25
1 1 1 1 1 1
@ (535 @335
Exercise 2. Let
2 1 2 2 1 -3 2 0 2 1 2 2
-3 3 1 3 2 1 -1 -4 -3 31 3
A_21—1—4’B_2122 ’C_—140—1
1 -3 2 0 -3 3 1 3 -2 0 3 3

By analyzing the effect of the row operations applied to A on its determinant, we
find that det(B) —det(C) =

(a) 2det(A) (b) det(A) (©0 (d) —det(A) (e) —2det(A)



Exercise 3. Let R¥*? denote the set of all 2 X2 matrices with real entries, P4
denote the set of all real polynomials of degree < 3, and C?[a,b] denote the set of
all functions that have a continuous second derivative on the interval [, b].

Which one of the following assertions about subspaces is correct?

(a) The set of all singular 2 X 2 matrices is a subspace of R?*?,

(b) The set of all polynomials in P4 having at least one real root is a subspace of
Py.

(c) The set of all solutions on [a,b] to the differential equation y” +y =01is a
subspace of C?[a,b].

(d) The set of all polynomials in P4 of degree exactly 3 is a subspace of Pj.

(e) The set of all triangular 2 X 2 matrices is a subspace of R?*2,

Exercise 4. In the vector space C[-7, 7], the Wronskian W[l/ sin(x), cos? (g)] =

(@ -1 ®) -3 ©0 @3 @1




Exercise 5. Given

wefl) =) 5 3

If S is the transition matrix from the basis {vl, vz} to another basis {ul, u2}, then

12 18
(@) u; = (21)' uz = (31)

o usti) -
0

w3l ool
om 3 o1

1(2 1(-5
@u=3(7) w=3(7)

Exercise 6. Let A be a 4 x5 matrix with reduced row echelon form

1 02 0 -1
013 0 -2
U=lo 0 0 1 5
0 00 0 O
and suppose that the first, second, and fourth columns of A are:
2 -1 -2
|1 12 -1
a; = -3/ a = 3| a = 3|
-2 1 4

Then, the third and fifth columns of A are given by

1 8 1\ (-9 7\ (4 1\ (-10 4\ (12
4|7 71 |-8 8| |11 8 10 7| |-11
@ _15( 25| ®f 6| ]1a] ©@|=3||20] D|3||12|®]0]]17
7] 24 1) \22 -1 11 ~1) | 20 1) L 18



Exercise 7. Let L: R* — R* be the linear operator defined by

X3
X1
X3
X2

L(x) =

and let S be the subspace of R* spanned by e; and e4. Then:

(@) im(L(S)) =0 (b) iim(L(8)) = 1 (c) dim(L(S)) =2
(d) dim(L(S)) = 3 (e) dim(L(S)) = 4

Exercise 8. Let L: R?> — R3 be the linear transformation defined by

X1
L(x) = [ X1+ X2 ]

—X1+ X2

and let E = {ul,u2} and F = {bl,b2,b3}, where

el el e of) )

The matrix representing L with respect to the ordered bases E and F is given by

1 3 111
-2 2 1
()3 4 byfo 1 1 (c)( )
[1 —2] [0 0 1] -1 6 =2

2 -1 2 -1
(d)[z 6] (e) [2 6]
1 2 1 -2



Exercise 9. Let L be the linear operator mapping R® into R® defined by L(x) = Ax,
where

2 20

1 1 2

1 1 2

A=

The matrix representing L with respect to the ordered basis {y1,y2,y3}, where

0 1 1
yi=|=1], ya=| 1| ys=|1
1 -2 1
is given by

36 0 000 0 1 1
() [—2 4 o] (b)[O 1 o] (c)[—l 1 1]
0 0 4 00 4 1 -2 1

0

0

4

1 -1 0 -3 6
(d)[Z/S -1/3 —1/3] (e)[—Z 4 ]
1/3 1/3 1/3 1 0

2 2
. 0 2
Exercise 10. Letx = ol and y=|,f
0 0
Let d be the distance and 0 the angle between x and y. Then,
4> + tan6 =

@) 3 (b) 4 ©) 5 6 (e) 7



Exercise 11. Recall that the trace of a square matrix is the sum of its diagonal
entries. Let A be an n X n matrix and let ||A||r denote its Frobenius norm. Then,

IAIZ =
(a) trace(A?)
(b) trace(AT)
(c) trace(A) trace(AT)
(d) trace(ATA)
2
(e) (trace(A) + trace(AT))
X
Exercise 12. Let S be the set of all vectors in R? of the form |y | and consider the
x
-1
vector w=| 2 |in R3. Then, the vector p € S that is closest to w is given by
3

1 0 1 1 1
(@p= [0] b)p= {2] (@p= [—2] (dp= [ 2 ] (ep= [2]
1 0 -3 -1 1



Exercise 13. Consider the vector space C[-1,1] with the inner product defined
by

1
.90 = f Feg

An orthonormal basis for the subspace spanned by 1,x,x? is given by

31 2
Exercise 14. LetA=]0 1 —2} Then:
01 4

(a) A has no real eigenvalues

(b) A has two distinct eigenvalues A; and A, with dim(Eigenspace(A;)) =1 and
dim(Eigenspace(A;)) =1

(c) A has two distinct eigenvalues A; and A, with dim(Eigenspace(A1)) =1 and
dim(Eigenspace(A;)) =2

(d) A has one eigenvalue A with dim(Eigenspace(A)) =3

(e) A has three distinct eigenvalues and each has an eigenspace of dimension 1



Exercise 15. Let A be an n X1 nonsingular matrix and let A be an eigenvalue of
A. Then:

(a) A is an eigenvalue of A~
(b) % is an eigenvalue of AT

(c) A—1isan eigenvalue of A—1I
(dAA-1)=0

(e) A is an eigenvalue of A?

3 -1 2
Exercise 16. Let A=[2 0 2]. If we factor A into a product XDX~!, where D
2 -1 3
is diagonal, then X =
1 1 1
@2 1 1
0 -1 1
1 1 1
®l2 o o
0 -1 1
1 1 1
@l2 o 1
1 -1 1
1 1 1
@l2 o 1
0 -1 1
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Exercise 17. Let A be a diagonalizable 7 x 7 matrix. If A has only two distinct
eigenvalues A1 and A, such that A;I— A has rank 3, then the multiplicity of A; is
equal to

)1 (b) 2 © 3 )4 )5

Exercise 18. Consider the conic section 2x? +2xy +2y?—9 = 0. If a standard form

for this quadratic equation is given by

x/z ylz

—+=—==1
a b

then a® +b? =

(a) 10 (b) 18 () 82 (d) 90 (e) 162
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Exercise 19. Consider the conic section 3x% +2xy +3y*> +8V2x -8 =0. If a
standard form for this quadratic equation is given by

x/2 y;z
7 + T =1
thena+b =
(a) 14 (b) 15 (©) 16 (d)17 (€) 18

Exercise 20. Find the symmetric matrix associated with the quadratic form
X2 +9y? — 7 +xy—2xz—yz

TR
1 1 -2 11 -1 L2
@|1 9 -1 |1 9 -1 @z 9 -=
2 -1 -7 -1 -1 -7 2, 2
-1 -2 -7
2
1
1 5 -2 1 0 -1
] 1 _ @0 9 o0
2 0 ! -1 0 -7
i, R




