
King Fahd University of Petroleum and Minerals
Department of Mathematics and Statistics

Final Exam – Math 323 (Term 212)
(Duration = 3 hours | Number of Questions = 24) (CODE 001)

Exercise 1. The lattice of all subgroups of
Z

130Z
is.
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Exercise 2. In the group
Z

69Z
, let H1 and H2 be two distinct non-trivial proper subgroups. Then,∣∣∣H1∪H2

∣∣∣ =
26a)

25b)

69c)

45d)

46e)

Exercise 3. Let G be a group of order 4. Which one of the following statements is WRONG?

There must be at least one subgroup of G of order 2a)

G may or may not be cyclicb)

There must be an element of G of order 4c)

G must be abeliand)

Every proper subgroup of G is cyclice)
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Exercise 4. In the group
Z

70Z
, let H be a subgroup of order 10. If H =

〈
n
〉

such that n ≤ 60, then the
largest possible value for n is equal to:

7a)

10b)

21c)

49d)

56e)

Exercise 5. Let S10 denote the symmetric group of degree 10 and let σ ∈ S10 with σ = α1α2 · · ·αk where
the αi’s are disjoint ri-cycles such that ri ≥ 3, for each i, and r1 + r2 + · · ·+ rk = 10. If σ is odd, then the
largest possible order for σ is equal to:

6a)

8b)

12c)

21d)

30e)

Exercise 6. Let G be a non-abelian group of order pq, where p < q are prime numbers. Then:

Z(G) is triviala)

Z(G) has an element of order qb)

|Z(G)| = pc)

G
Z(G)

is cyclicd) ∣∣∣∣∣ G
Z(G)

∣∣∣∣∣ = 1e)
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Exercise 7. Let G be a group of order n = 2pq, where 2 � p � q are prime numbers and let H be a
non-cyclic subgroup of G such that

∣∣∣H∣∣∣ is odd. If x is an element of G of order 2p, then∣∣∣xH
∣∣∣ = 2a) ∣∣∣xH
∣∣∣ = pb) ∣∣∣xH
∣∣∣ = qc)

xH =Hxd)

xH =He)

Exercise 8. Let G =U(66) be the group under multiplication modulo 66. In G, we have:
52,53,54,55,56,57,58,59,510 = 25,59,31,23,49,47,37,53,1, respectively ;
172,173,174,175,176,177,178,179,1710 = 25,29,31,65,49,41,37,35,1, respectively ;
232 = 432 = 652 = 1. Then:
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d)

G �
Z

2Z
⊕

Z

10Z
and G =

〈
23

〉
⊕

〈
17

〉
e)

Exercise 9. Let G be a non-abelian group of order p3, where p is prime.

Z(G) �
Z

pZ
a)

Z(G) is trivialb)

Z(G) �
Z

pZ
×
Z

pZ
c)

Z(G) �
Z

p2Z
d)

None of these statements are truee)
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Exercise 10. Which one of the following statements is WRONG?

Z

3Z

[
i
]

is a fielda)

Z

17Z

[
i
]

is NOT a fieldb)

Z

11Z

[
i
]

is a finite ringc)

Z

13Z

[
i
]

is a fieldd)

Z

5Z

[
i
]

is NOT an integral domaine)

Exercise 11. Consider the ring R :=Z×
Z

pZ
, where p is a prime number. Let Q be a prime ideal of R

and let (n,m) ∈ Q such that n ≥ 1 and 1 ≤ m ≤ p− 1. If no = Smallest possible value for n and mo = Largest
possible value for m, then no+mo is equal to:

p−2a)

p−1b)

pc)

p+1d)

p+2e)

Exercise 12. Which one of the following statements is CORRECT?

In the ring
Z

5Z

[
i
]
, the principal ideal (1+ i)

Z

5Z

[
i
]

is primea)

Z[i]
iZ[i]

is isomorphic to Zb)

The ring of 2×2 matrices over
Z

2Z
is a division ringc)

The ideal 0×
Z

2Z
is not maximal in the ring

Z

2Z
×
Z

2Z
d)

In the ring Z[i], the principal ideal (1− i)Z[i] is maximale)
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Exercise 13. Consider the commutative ring R :=
{(

a b
b a

)
| a,b ∈Z

}
and the two ideals of R

I :=
{(

a a
a a

)
| a ∈Z

}
and J :=

{(
a −a
−a a

)
| a ∈Z

}
. Consider the mapping φ : R −→Z ;

(
a b
b a

)
7−→ a+b.

Which one of the following statements is WRONG?

φ is a ring homomorphisma)

I is a prime ideal of Rb)

R
J
�Zc)

Ker(φ) = Id)

φ(R) =Ze)

Exercise 14. Let n be a positive integer with decimal representation ababc. If n is divisible by 7 and
3a+ b = 12, then c is equal to:

1a)

2b)

3c)

4d)

5e)

Exercise 15. In
Z

13Z

[
X
]
, let r be the remainder of the division of Xn by X+5, with 0 ≤ r ≤ 12. If n = 43,

then r is equal to:

1a)

2b)

3c)

4d)

5e)
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Exercise 16. The equation x70 = 1 (modulo 61) has

6 distinct solutionsa)

10 distinct solutionsb)

11 distinct solutionsc)

14 distinct solutionsd)

15 distinct solutionse)

Exercise 17. Let F be a finite field of characteristic p.

xp = 1 , ∀ x ∈ F?a)

F �
Z

pZ
b)

p ≤
∣∣∣F∣∣∣c)

xp = x , ∀ x ∈ Fd)

F×F is a field of characteristic pe)

Exercise 18. Which one of the following polynomials is NOT irreducible in Q[X]?

2X4+4X2+2a)

X3+2X2+X−1b)

2X3+X2+3X+2c)

2X3+4X2+6X+8d)

X4+4X2+6e)
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Exercise 19. Which one of the following factor rings is a field?

Z3[X]
(X4+1)

a)

Z3[X]
(X4−1)

b)

Z3[X]
(X4+2X+2)

c)

Z3[X]
(X4+2X+1)

d)

No one of these factor rings is a fielde)

Exercise 20. The polynomial f := X2+1 is NOT irreducible in

Z11[X]a)

Z19[X]b)

Z23[X]c)

Z31[X]d)

f is irreducible in all these polynomial ringse)

Exercise 21. The polynomial X4
−X2+1 is NOT irreducible over

Qa)

Q[
√

2]b)

Q[
√

3]c)

Q[i]d)

f is irreducible over all these fieldse)
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Exercise 22. The ring
Q[X]

(X3−X2−2X+2)
is isomorphic to

Q×Q[
√

2]a)

Q×Q[i]b)

Q×Q×Qc)

Q×Cd)

Q×Re)

Exercise 23. Let f = 1+X+X2+ · · ·+Xp−1, where p is prime, and consider the ring R =
Q[X]
( f p)

.

Xp−p is nilpotent and Xp−1 is a unit in Ra)

Xp−p and Xp−1 are units in Rb)

Xp−p and Xp−1 are nilpotent in Rc)

Neither Xp−p nor Xp−1 is a unit or nilpotent in Rd)

None of these statements are truee)

Exercise 24. Let R be a commutative ring with the property: ∀ r ∈ R ∃ s ∈ R such that r = sr2. Let I be
a finitely generated ideal of R. Then:

I is primea)

I is principalb)

I = (0) or I = Rc)

I2 = 0d)

The quotient ring
R
I

has one unique maximal ideale)


