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Exercise 1. The lattice of all subgroups of T30z =
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Exercise 2. In the group 97’ let Hy and H» be two distinct non-trivial proper subgroups. Then,
|H1 U H2| =

a) 26
b) 25
c) 69
d) 45
e) 46

Exercise 3. Let G be a group of order 4. Which one of the following statements is WRONG?

a) There must be at least one subgroup of G of order 2
b) G may or may not be cyclic

¢) There must be an element of G of order 4

d) G must be abelian

e) Every proper subgroup of G is cyclic



Exercise 4. In the group 70%, let H be a subgroup of order 10. If H = <ﬁ> such that n < 60, then the
largest possible value for 1 is equal to:

a) 7
b) 10
o 21
d) 49
e) 56

Exercise 5. Let S19 denote the symmetric group of degree 10 and let o € Syp with 0 = ajaz -+ where
the a;’s are disjoint r;-cycles such that r; > 3, for each i, and r{ + 2 + -+, = 10. If 0 is odd, then the
largest possible order for o is equal to:

a) 6
b) 8
c) 12
d) 21
e) 30

Exercise 6. Let G be a non-abelian group of order pg, where p < ¢ are prime numbers. Then:

a) Z(G) is trivial
b) Z(G) has an element of order g

o 1Z(G)=p
d) Zi;) is cyclic
e) ‘ ¢ ':1

26



Exercise 7. Let G be a group of order n = 2pg, where 2 S p £ q are prime numbers and let H be a
non-cyclic subgroup of G such that ‘H | is odd. If x is an element of G of order 2p, then

a) |xH| =

b) |xH| =

Q) |xH | =q

d) xH = Hx

e) xH=H

Exercise 8. Let G = U(66) be the group under multiplication modulo 66. In G, we have:
52,53,54,5°,50,57, 58,59, 510 = 25,59,31,23,49,47,37,53, 1, respectively ;
172,173,174,17°,176,177,178,17°,1710 = 25,29,31,65,49,41,37,35, 1, respectively ;

232 =432 = 65% = 1. Then:

) G=LoZ amdG= (43)@(5)

47" 5Z
b) G= 2z o and G=(13)a (5)
9 G= 2@ and G=(23)e(5)
d) G= E@% and G = (65)®(5)
e) G= ﬁeel()%andG (23)@(17)

Exercise 9. Let G be a non-abelian group of order p°, where p is prime.
Z

Z(G) = —

2 26)= 7
b) Z(G) is trivial

e) None of these statements are true



Exercise 10. Which one of the following statements is WRONG?

a) %[i] is a field

Z 7. .
b) ﬁ[l] is NOT a field

<)

ﬁ[l] is a finite ring

d) é[i] is a field

e)

57 [z] is NOT an integral domain
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Exercise 11. Consider the ring R := Z X 7" where p is a prime number. Let Q be a prime ideal of R

and let (n,m) € Q such thatn>1and 1 <m <p-1. If n, = Smallest possible value for n and m, = Largest
possible value for m, then n, +m, is equal to:

a) p—2
b) p-1

o p
d) p+1
e p+2

Exercise 12. Which one of the following statements is CORRECT?

a) Inthering %H, the principal ideal (1 + i)é[i] is prime

Z][i]

b) iZ[i]

is isomorphic to Z

z
¢) The ring of 2 X2 matrices over 57 is a division ring

. Z . o . Z _Z
d) The ideal 0x 57 18 not maximal in the ring 77 X5z

e) In the ring Z][i], the principal ideal (1 —i)Z][i] is maximal



Exercise 13. Consider the commutative ring R := Z z |a,b€ Z; and the two ideals of R

I:= {(a a) lae Z} and [:= {( ¢ —a) lae Z}. Consider the mapping ¢ : R — Z; (g b) F—a+b.
a a -a a b a
Which one of the following statements is WRONG?

a) ¢ is a ring homomorphism

b) Iis a prime ideal of R

Q) ?EZ

d) Ker(¢) =1
e) P(R)=Z

Exercise 14. Let n be a positive integer with decimal representation ababc. If n is divisible by 7 and
3a+b =12, then c is equal to:

a) 1
b) 2
o 3
d) 4
e) 5

Exercise 15. In é[x], let 7 be the remainder of the division of X" by X +5, with 0 < r<12. If n = 43,

then r is equal to:

a) 1
b) 2
o 3
d) 4
e) 5



Exercise 16. The equation x”° =1 (modulo 61) has

a) 6 distinct solutions

b) 10 distinct solutions
¢) 11 distinct solutions
d) 14 distinct solutions

e) 15 distinct solutions

Exercise 17. Let F be a finite field of characteristic p.

a) ¥*=1,Yxer*

d) ¥ =x,VxeF

e) FxFis a field of characteristic p

Exercise 18. Which one of the following polynomials is NOT irreducible in Q[X]?

a) 2X*+4X?+2

b) X3+2X2+X-1
c) 2X3+X%2+3X+2
d) 2X3+4X?+6X+8
e) X*+4X%+6



Exercise 19. Which one of the following factor rings is a field?

Z3[X]
(X%+1)
Z3[X]
(X+-1)
Z3[X]
(X*+2X+2)
Z3[X]
(X%t+2X+1)

e) No one of these factor rings is a field

a)

b)

<)

d)

Exercise 20. The polynomial f := X% +1 is NOT irreducible in

a) ZnlX]
b) Z9[X]
Q) Zn[X]
d) Zx[X]

e) f isirreducible in all these polynomial rings

Exercise 21. The polynomial X* - X?+1 is NOT irreducible over

a) Q

b) Q[ V2]
0 Q[V3]
d) Q[i]

e) fisirreducible over all these fields



QI[X]

Exercise 22. Theri
M8 3 _x2 ox+2)

is isomorphic to

a) QxQ[V2]
b) QxQli]
c) QxQxQ
d) QxC

e) OxR

Qlx]
()

Exercise 23. Let f =1+ X+ X?+---+ XP~!, where p is prime, and consider the ring R =

a) XP—pisnilpotent and X —1is a unitin R

b) XP —pand XP —1 are units in R

¢) XP—pand X? —1 are nilpotent in R

d) Neither X? —p nor XP —1 is a unit or nilpotent in R

e) None of these statements are true

Exercise 24. Let R be a commutative ring with the property: ¥ r € R 3 s € R such that r = sr%. Let I be
a finitely generated ideal of R. Then:

a) [is prime

b) Iis principal
¢) I=0)orI=R
d) ’=0

R
e) The quotient ring 7 has one unique maximal ideal



