Major Exam I
Math 325 (Term 222, 2023)
KFUPM

by Dr. Maher Boudabra
March 2, 2023

Throughout the whole exam the field acting on vector spaces is K C C.

Exercise 1. Say whether the following statements are true or false.
1. Ifu € Z(V) then V = ker u @ Imu.
2. If u,v are linear maps such that uv = 0 then u =0 or v = 0.
3. If 0 € Isom(V') then rank(ov) = rank(v).
4. BV+W=V +Fthen W=F.
Score partition: 1 pt each.
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Exercise 2. Let u € £(V) such that dim(V) = 3, u # 0 and u? = 0.

1. Show that dim (ker«) # 0, 3.

2. Assume dim (keru) = 1. Show there exists y € Imu — {0} such that
u(y) # 0.

3. Conclude that dim (ker u) = 2.

4. Show that there exists z € V such that (z,u(z)) is linearly indepen-
dent.

5. Deduce the existence of some appropriate basis Z of V in which

00 1
Maty(u)= |0 0 0.

0 0 0
Score partition: 1.5 pt each.
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Exercise 3. Let A = (a; ;) be a non zero matrix of M, (K). We assume
that

a;,j = if;
for some numbers a;, s, ...Qp, B1, B2, ...On.

1. What is the value of rank(A)?

2. Show there exist two matrices X:row and Y:column such that A =
XY.

3. Show that A% = tr(A)A.
4. Deduce an easy expression for AP for p = 2,3, ....
5. Assume that tr(A) is not zero.

(a) Prove that K™ = ker A @ ker(A — tr (A)L,,).

(b) Conclude that A is similar to a diagonal matrix that you write
down.

Score partition: 1.5 pt each.



