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Q:1 (25 points) Use separation of variables method to solve the problem 

Ou 0<r< L, t> 0 

subject to the boundary and initial conditions 

du| du D, 0,1>0 
0 

u(r, 0) = f(r) = To + 0< < L 
L 

Le ucxA)-x(a) TCA) xTXT = 
x Cot) = o xCo) T(H) = o to)= o 
ux CLt) =o X (L)TU) = o x(L)=0 

C1 = - > T'+AT =o TU) = C e° 

= ->>x" +AX=o, co)= o amd '(L): O 

X= +2 
x'o)=o (=o 

X= CotontT= Cahond 

(6) A-<'ao): 

x(o) = o a=o and cL)= o q:0 soluy coj 

xCo)= o> 2= nd in l=0 

L= nT A A= D,n=\2,3.-

Xp ) C Co  amd To (4) =C E ,m=y2,3 
roduct saluhnd at 

An Xt) Co+ q asn XCe = 
Aat An ee 

, 
n=2,3 

The aeneral 3aduhm s 

ina the nihal Condihon uC, )= tCx) 

2An CanE 2, o <x<L 
fcox) = Aa 

h Ao = t Fdx = TT 

An fca) as nAx Xx 

T-To) 
snA 2CT-T 

Hence 
n 
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Q:2 (25 ponts) Use separation of variables method to solve the problem 

0, 0< r<1, 0 <T, 

subject to the boundary and initial conditions 

u(0. y) = 0, u(1, y) 0, 0< y<1, 

u(x, 0) = 0, u(x, 1) = *, 0 <t<1. 

- "+ X=O amcd 

- a y = O 

ud= o Y(o)-O-

Let ucx, +) = XX)YCY).Then -

uCo o X(o)= 0 

uC8)=o X ())=6 
X= tC2 

x(o)= o = O 
xc)=o 2-G 

a=o 

x Cx)=6 tiva saluhon 

X= G hd + C 3inh/X 

6 Cx= o tival 

xC1) = o 4 = d 

XCo)=o 5=° and 
m=2,3,-* 

X CO)= Cc hn RC 

Note Y"-AY = Y-KY = 0 

Y = Snh nr 

rodut auins at 
UnCX) = An h nAX Snhn : ,2,3, 

The uber |pasi hem prinuPe yield 
u)= 7 An nnxX SnhnE 

An int n AnN X 
Can ha 

An inh na XCan 

RCanx -o+ 2hnx 

--(-1+ 
An An - a(-15) 

Hence 

2 -(-1" ux) = 

ha 
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Q:3 (20 points) Use Laplace transfomm to solve the problem 

2 S1, >0, 

subject to the boundary and imitial conditions 

u(0,1)= 0, u(1,1) 0, 1> 0 

du 
u(r, 0) = 0, sin(Tar), 0 *<1 

APHying Loplace ronsfom 4o bott 9, ides ,uJ 
4 dU 4 d = U(x, >)- >uc3,o) -u4 C0 

U = - n CKX). 

Ve C Cash +2 9h 
Let p = a Cas > b s aL, Than DE 

Y 

C-ar a)axx + (-bx-b) anaX= - n*X 

a =0 Omd b 

Up = >n* 

3oundory Condibon S Uo, 3) = o amd U,A)=0 UL)0 
amd 

Genera Baluhon V (, 2) = Uc + UpP 

= G Cash x+a h + 

Usin9 UCo)=o and VCI,A)=0, e et 

4rX2 

amd 

Thefot Gaa) = 

42 +S 

nverHn 
uCat) = nta), n (2n t) 
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Q:4 (25 points) Use separation of variables to solve the problem 

Pu 10Du 

O2rOr 
12 r<C,>0. 

subject to the boundary coditions 

u(C,1)=0, 1> 0, 

u(r,0) = 0, 0<r<C, 
du 

5, 0< r<C. 

Solution u(r.) is bounded at r =F0. 

et uY,t) = R¥ >TH). Iale find R"T + R ' 

R +R +AT R 0, T = o 

uCt =o RCC) = o Thus 
YR+R' + ATR =0, 

RCC)=o 

tYo)= 0 T (o) =0 T+A T =0, To)= 0 

Let , ThenYR+R4YR= o 
R(T)= Cg Jo (dY) 

amd Rcc) =o > Jo CdC) = 

a he nn- Zero values uch hat Ja CCd, )=0 R= Jo(7) 

=d T+T =o T C2 Cas t + C3 m 

T(o)o =6| 
and T = C3 An G*) 

Thus 
(Yt)=2A¢ nCdt) Jo CdY) 

Aj Cas(4,4) Jo CA Y) 
|. = 5 >we g 

A i auO 5 J (X;1)dY 

Let dY 
- C 

Joa pd 

Jj (a dx 

C J(d) 

Hence 
uCTt) = 

Jo CdY) o C ) 
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Q:5 (25 points) Find the steady-state temperature u(r, 0) in a sphere of radius 2 by solving 

the problem 

u 2 30 cot6 du 
0, 0<r<2, 0< 0<T, 

Or2rdr2002 2 0 

u(2.0) = 1 +2 cos(0). 

uRoD Oco Then R"e 2R C + Re+Cat Re=o 

2R+21R - eCads 
R 

CaB G. e+AO =o and R 2YR-A R =O-

Let = Ca,Than 

CI-)ex) - ax ec + eCa)=0 DCn+),n=0,)2 -

n Cx)= ha)5 OnC ) = Cado) 
Couchy-EWer Equahem 

R R AR =0 An =n (n +1) 
uxio egua m m-mCh+1)=0 m m M,-Ch+D 

R CT) = GY"+ C ) 
utTO) A bound-ed C2=G 

uCYe) =2 An "hCCal0) 
An BCase) 

uCa,0) +2 Caso 1+ 2 Ccs0 
hro 

An (1+ aCo36) h Cca3 o) 31ho do 
An ht_ 

an+ PCaso) hCCaso) >iG d0 

n+ 

Py orthogenaliy An0 h#0,h+1, 

+2h+ a PCcasa) P,( Casa) Sina do 

AoF PCtase ) PCcase) >ns do A3|P Ccaso) P (aua)Söada 

Pa PaCPct) dX Cuo Siiado 
ax = 1 

uCYo= Ao PaCaa) + AYPCCala 

1+Y Caso 
= 



(), ) , (, /) " 

QAin ouiey Cubihe tvopMom wi yeope ) o veriade 

- d" U(1,4-Uy (o) G 
dy 

(A) 
Tl) Cod) G 

Tuca, F.(3" U(9,1)=3 e a 1 

I 3 ein dy 

Cady 

(14 

,4) 

Cund ihons Aomd () ave (3)ah 2 
Thefo 

2.mh dA U(A,4) 
C 1D wh 2 

ua,y)= 2h d Cad dd. 
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Q:6 (20 points) Use appropriate Fourier transfom to solve 

u 
0, 0 <<2, y>0, 

subject to the conditions 

u(0, y)= 0, u(2, y)-3 e", />0 

du 
0, 0<<2. 

VSn FoumY Casine ronfom 
wHh esped +o vomae t 

( - U(a,d)-Uy () 
- V= 

O(aj« = q Cah a+ C9 ph 
-A 

EuloN) f= F{o? U UCod)=o 

O 

I =3 dy 
O 

Cad 

] 
(14I= 

UCa,) -

Comd thms and (e) giv 
Thepfo 

3 mhd 
UCd) 

C DA nh 2 

ucx,9) mh & X. Ccua dd 
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