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1. Find the following. 

 

a) ℒ{𝑓(𝑡)}  using the definition, where  𝑓(𝑡) = {
2 − 𝑡         𝑖𝑓   0 < 𝑡 < 2

 0               𝑖𝑓     𝑡 ≥ 2
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) ℒ{(𝑡 + 1) 𝑢(𝑡 − 1)} , where 𝑢 is the unit-step function. 

  



 

c) ℒ{𝑡2  sin 𝑡} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d) ℒ−1{
𝑠+5

𝑠2+6𝑠+34
} 

 

  



 

2. Use Laplace Transform to solve the initial value problem 

 

𝑑𝑦

𝑑𝑡
+ 6 𝑦 + 9 ∫ 𝑦(𝜏) 𝑑𝜏

𝑡

0

= 1,      𝑦(0) = 0 

  



 

3. Use Laplace Transform to solve the initial value problem 

 

𝑑2𝑦

𝑑𝑡2
+ 𝑦 = 𝛿(𝑡 − 2𝜋),      𝑦(0) = 0, 𝑦′(0) = 1 

 

Sketch the solution on the interval  [ 0 , 4𝜋 ] .  



 

4. Show that 𝑓1(𝑥) = 1 and  𝑓2(𝑥) = 1 − 𝑥 are orthogonal on [0, ∞) with respect to the weight 

function 𝑤(𝑥) = 𝑒−𝑥. Find the norm of 𝑓1(𝑥). 

  



 

5. Find the Fourier series of   𝑓(𝑥) = {
0 −1 < 𝑥 < 0
𝑥 0 ≤ 𝑥 < 1

.  You may need the formulas 

 

∫ 𝑥 𝑐𝑜𝑠( 𝛼𝑥)𝑑𝑥 =
𝑐𝑜𝑠(𝛼𝑥)

𝛼2
+

𝑥 𝑠𝑖𝑛(𝛼𝑥)

𝛼
+ 𝑐   ,    ∫ 𝑥 𝑠𝑖𝑛( 𝛼𝑥)𝑑𝑥 =

𝑠𝑖𝑛(𝛼𝑥)

𝛼2
−

𝑥 𝑐𝑜𝑠(𝛼𝑥)

𝛼
+ 𝑐 

  



 

6. The Fourier series of   𝑓(𝑥) = { 𝜋2 −𝜋 < 𝑥 < 0
𝜋2 − 𝑥2 0 ≤ 𝑥 < 𝜋

    is given by 

 

𝑓(𝑥) =
5𝜋2

6
+ ∑ (

2 (−1)𝑛+1

𝑛2
cos(𝑛𝑥) + (

𝜋

𝑛
 (−1)𝑛 +

2(1 − (−1)𝑛)

𝑛3 𝜋
) sin(𝑛 𝑥))

∞

𝑛=1

 

 

Use the given Fourier series to evaluate ∑
1

𝑛2
∞
𝑛=1 . Explain your answer. 

  



 

7. Consider    𝑦′′ + 𝜆 𝑦 = 0,   𝑦(0) + 𝑦′(0) = 0,   𝑦(1) = 0 . 

 

It can be shown that the boundary value problem possesses a trivial solution for 𝜆 < 0. Find 

the eigenfunctions and the equation that defines the eigenvalues for the given boundary value 

problem. 


