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Exercise 1 

Fill in the blank with the most appropriate term/expression. 

(a) If 𝑎 ∈ ℝ is such that 0 ≤ 𝑎 < 𝜀 for every 𝜀 > 0, then _________________ 

(b) The completeness property of ℝ. Every nonempty set of real numbers that has an upper bound also has 

_____________________ in ℝ. 

(c) The Density Theorem. If 𝑥 and 𝑦 are any real numbers with 𝑥 < 𝑦, then there exists a 

________________________________________such that _____________________ 

(d) Archimedean Property. If 𝑥 ∈ ℝ, then there exists ___________such that_____________ 

(e) Monotone Convergence Theorem. A __________________ sequence of real numbers is convergent if 

and only if it is _____________________. If (𝑥𝑛) is a bounded decreasing sequence, then 

lim(𝑥𝑛) = ______________________________ 

(f) A sequence (𝑥𝑛) of real numbers is said to be a Cauchy sequence if for every 𝜀 > 0 there exists 

________________________ such that for all ____________ we have 

___________________________________ 

(g) Monotone Subsequence Theorem. If (𝑥𝑛) is a sequence of real numbers, then there is 

__________________________________   that is ________________________  

 

 

 

 



 

Exercise 2  

(a) If 𝑐 > 1, show that 𝑐𝑛 ≥ 𝑐 for all 𝑛 ∈ ℕ, and that 𝑐𝑛 > 𝑐 for 𝑛 > 1. 

(b) Find all 𝑥 ∈ ℝ that satisfy |2𝑥 − 4| + |𝑥 + 2| < 7 

 



 

Exercise 3 Let S be a nonempty bounded set in ℝ.  

(a) Let 𝑎 > 0 and 𝑎S = {𝑎𝑠: 𝑠 ∈ S}. Show that 

inf(𝑎S) = 𝑎 inf S      and      sup(𝑎S) = 𝑎 sup S 

(b) Let 𝑏 < 0 and 𝑏S = {𝑏𝑠: 𝑠 ∈ S}. Show that 

inf(𝑏S) = 𝑏 sup S      and      sup(𝑏S) = 𝑏 inf S 



 

 



 

Exercise 4 Let 𝑥1 ≥ 3 and 𝑥𝑛+1 = 2 + √𝑥𝑛 − 2 for 𝑛 ∈ ℕ. 

(a) Prove that (𝑥𝑛) is monotone 

(b) Show that (𝑥𝑛) is bounded 

(c) Is the sequence convergent? and why? If yes, find its limit. 

 



 

Exercise 5  

a) Show directly from the definition that a bounded, monotone decreasing sequence is a Cauchy sequence. 

b) If 𝑥𝑛 ≔ √2𝑛, show that (𝑥𝑛) satisfies lim|𝑥𝑛+1 − 𝑥𝑛| = 0, but that is not a Cauchy sequence. 



 

 


