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Exercise 1
Fill in the blank with the most appropriate term/expression.

(@) Ifae Rissuchthat 0 < a < ¢ for every € > 0, then & =0

(b) The completeness property of R. Every nonempty set of real numbers that has an upper bound also has
& _Supremium in R.

(c) The Density Theorem. If x and y are any real numbers with x < y, then there exists a
Vational Muwber v such that A <T<Y

(d) Archimedean Property. If x € R, then thereexists _h € N suchthat_ X £ W0

(e) Monotone Convergence Theorem. A__™M 0O iokowne  sequence of real numbers is convergent if

andonly ifitis __bouw o\e,ol . If (x;,) is a bounded decreasing sequence, then

lim(x,) = _Lng {Ant nem)

() A sequence (x,) of real numbers is said to be a Cauchy sequence if for every € > 0 there exists
H(ee N such that for all Mm,n > W¢¢) we have

| Xn=xm| < £ m,nem

(9) Monotone Subsequence Theorem. If (x,,) is a sequence of real numbers, then there is
A_Sub Sequence of (Xn)  thatis__MoOnoEowne




Exercise 2
(@) If ¢ > 1, show that ¢c™ > c forall n € N, and that ¢ > ¢ forn > 1.
(b) Find all x € R that satisfy |2x — 4| + |x + 2| < 7

(«) ?mef. \¢ ¢> 1, then We can Wrwte c=1+a, a>0.

And C“:Q+a)h>/ T¢ma >tz If n >\

D’) \¢ X>2, then we have
Ix —4 +x+2 <3

Rence, 2<x<3

I€ -2 XL 2, then We Wave
—2X ¥4 ¥ X>2 <—:|'

= —x<1 =D x>-

’f\rw;) —\<x<L2

I x< -2, then We have
—2x +4-x-2 <%
= -3x<S = xX>-%

(<o ixo-ssy = @

wm e S P
We obtawm o lnbien \¢xe3



Exercise 3 Let S be a nonempty bounded set in R.
(a) Leta > 0 and aS = {as: s € S}. Show that
inf(aS) = ainfS and sup(aS) =asupS$S
(b) Let b < 0 and bS = {bs: s € S}. Show that
inf(bS) = bsupS and  sup(bS) = binfS

Prvot .
(ﬁ) L@{ M:\V\{(S)' wWe havq, S U v SGS.
It a>0, then as>au ¥ seS.

HeV‘CQ; Au s & lower bound o4 aS. let Vb2
a lower boumd et 4S. Thenw v € &s ¥seS.
3mcCe A>o, % £S5 ¥ S€ES. Thus, %_ s o~

lower bound of S. We have % > WmL(S)= U -
’ﬂ\e\rep,-m, V> au ., So, \V\(’- (QS):GK\A‘:_& lh(:(g)
Q{vv{t\ar\g, We Con Show Yhat 8\«/? (aS): a SW(S)

() IF weswp(Ss), scw ¥scS. ¥ b<o,

We have bs>bw ¢seS. Se, bw s

s lower bound ot LS. Lt v be a lower lbounfl
6t LS. TWwa, Vvebs Y SES. Shce <o,

.!l;>,s ¥seS. we have What 1§ an wpper

v

b

bound o+ S. Hence, l”; > Swp (S) zw. $nce beo,
v € bw.

’numeﬂv’/ \h‘(\oS)tbw':wav(S)



F « =10 (S), g3 u ¢vscS. ¥ bco,
wWe have \95$‘bu ¢seS. S, bu s

/

N uppor t>00mb- ot bS. Lt 2 be an wppor looun g
6 LS. W, 2> Ls YSES. Shce <0,

£

_—b—s S -VSGS. wWe have What %TO'IS a LWwwer

bourk o S. Hence, % < inf (S) =w. Since b<o,

2z bu.

ﬂ“”‘lﬁm, Swp (LS) <bw =\o’m{(3)



Exercise 4 Letx; >3 and x,,; =2 +/x, —2forn € N.

(a) Prove that (x,) is monotone
(b) Show that (x,,) is bounded

(c) Is the sequence convergent? and why? If yes, find its limit.

(K) provt . B9 mduc tion we Show Yht Xagr $ Xu, ¥mnen.
ImCe X2 3, X,-2 21. wWe have
X-22Vx—2 =) Xz2r(x-z =%
Go, 1k s brue for wmot. ASsume Wak ® is brue
for n=le: X < X . We obtain

e

— = X
Xy, =2+ N2 2 ZHUXNT2 kv

SO) (¢ ‘lS -('y-ug_ ,Fo-r '\.—,Lv\—’\. '\’\-eVlCQ, ‘t}\e_ Sf/ﬁ'\h“’\a
1 decregyiy (Momhme,)

(D) %73 Psume ¥hh X230 We will Shaw

Chak )(L+\>/3' = 24—\/)(1,_—-2 2 23\ 2=-2 =73.
0, x»3 NNWEN by Whichin.

Since (%n) U8 bonnded | we have 2 <%, <%
Cov Al weN. Hance, (X)) s bounded.

(¢) The Sefutnce 1S decreaSing amd bowndedo

bhe Cfmance 1« Gmyorgent . Lok Xi\l\\:?;“z,)

\ I'W\ (Xh,\.\) 2+ \[\\vv\(x,\)—‘), =) XK= 2+ Vx-2

* - X-2=1
X-2)=x—-2 =) X-2=0 0¥
( ) D %X=2 = xX="3

Smce X,» 3 ¥neN, lim(u)=3.



Exercise 5

a) Show directly from the definition that a bounded, monotone decreasing sequence is a Cauchy sequence
b) If x,, := v2n, show that (x,,) satisfies lim|x,,; — x| = 0, but that is not a Cauchy sequence.

ot
a) let (<) Le & Lounded and Wpnotone Qecreang
Sequence . 3 Mg B Such thak

I x 1 M Ynew.

Xa 2 -M  ¥wuem. The Sek {x,:nenYy has

an mEimum. leb x = m¢ {x“'.ne—m)].

¥ £30, let Hem be Such thak
X\<><H<><+{_.

If wmynzH, them

Hence

that o§, (%,)

X € X, € €Xg<X+ 2.
‘X""'Xhl<i/ ¥ Mn=H,
A Caucluj SL%AAOMC-Q.

Xy~ 7‘...‘:|/1(n+\ —\[Z—;

Z.(V\+ 1)—2W

\0) N te ek l

VZins ¥ V2w

2 2« z
:/—_

(2(n+) +(2¥ “Vem 1

LQA $50 . Note H’\ak
Chage ¥ >4

o We lhawve
< / ¢ ‘x"\n
So

‘.m

L < ff n>
=

z .
n

o\

-¥,| € £ ,¥n3k.
‘lM\YyH_" )(h\ =0-



10 Show +hat (x,,) 1s Not Covucln\o)
JCaLz W= 4n. W e v e
\’(h—xm\ = lth"‘n|

= | (@ -V |

2 (zn — (2w
\zn >Vn - Y wen

\Ewe take 2= Yhked  Fno,wm
uch Yt | Xa=tm| > V% S1= ¢

Hewnce, ()(n) & Vwot & Camcw Seommce.

l }]



