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* The answers must be fully supported by logical arguments to get full credit

Question Score Max Score
1 15
2 15
3 20
4 20
5 18
6 15
Total 100
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Exercise 1
State

(a) The Sequential Criterion for Continuity
(b) The Discontinuity Criterion
(¢) The Continuous Extension Theorem
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Exercise 2
(a) Show that the limit does not exist: lim (x -+ sgn(x))
(b) Let f: R — R be such that f(x + y) f(x)+ f(y) forall x,y € R. Assume that hm f (x) = L exists.
Prove that L = 0, and show that f has a limit at every point ¢ € R. Give an example of such functions
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Exercise 8 3
(a) Let K > 0 and let f: R — R satisfy the condition |f(x) — f(y)| < K|x — y| for all x,y € R. Show that
f is continuous at every point ¢ € R. :
(b) Give an example of a function f: [0,1] — R that is discontinuous at every point of [0,1] but such that
|f] is continuous on [0,1].
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Exercise & 4

(a) Show that the function f(x) =

1+x2

1

for x € R is uniformly continuous on R.

(b) Show that the function f(x) = 1 /x? is not uniformly continuous on A = (0, o).
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Exercise f Suppose that f: R — R is differentiable at ¢ and that f(c) = 0. Show that g(x) = |f(x)] is
differentiable at ¢ if and only if f'(¢) = 0.
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Exercise @ &
(a) Prove that [sinx — siny| < |x — y| for all x, y in R.
(b) Let f, g be differentiable on R and suppose that f(0) = g(0) and f'(x) < g'(x) for all x >.0. Show

that f(x) < g(x) forall x > 0.
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