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Question 1
(a) Show directly from the definition that the sequence ("T“) is a Cauchy sequence.

(b) Let (x,) be a Cauchy sequence such that x,, is an integer for every n € N. Show that (x,,) is ultimately
constant.



Question 2

(a) Let A< Randlet f: A — R be continuous at a point ¢ € A. Show that for any € > 0, there exists a
neighborhood Vs (c) of ¢ such that if x,y € A N Vg(c), then |[f(x) — f(y)] < e.

(b) Show that f(x) = 1/x? is uniformly continuous on A = [1, ©), but that it is not uniformly continuous on
B = (0, 00).



Question 3
a) Show that f(x) = x/3, x € R, is not differentiable at x = 0.

b) Show that if x > 0, then
1 1 1
1+§x—§x2 < V1+XS1+§X



Question 4
(a) Suppose that f and g are continuous on [a, b], differentiable on (a, b), that ¢ € [a, b] and that g(x) # 0 for

€ [a,b], x # c. Leta—hmfandﬁ—llmg If =0, and if lim £2

x—c g(x)

(b) Let f(x) = x2sin(1/x) for x # 0, let £(0) = 0, and let g(x) = sinx for x € R. Show that hmf

exists in R, show that ¢ = 0.

(x)

()0

but that hm f,E ; does not exist.



Question 5
(8) If £ € R[a, b] and |f ()| < M forall x € [a, b], show that | [} f| < M(b - a).

(b) If f and g are continuous on [a, b] and if f:f = f:g, prove that there exists ¢ € [a, b] such that

fle)=g(©.



Question 6
(a) Show there does not exist a continuously differentiable function f on [0,2] such that £(0) = —1, f(2) = 4,
and f'(x) < 2for 0 < x < 2. [Apply the Fundamental Theorem]
(b) If g(x) =xfor|x] =1and g(x) = —x for |[x| < 1land if G(x) = % |x? — 1], show that
3

f gx)dx =G(3)—G(—2) =5/2.
-2



Question 7

(a) Show that the series !

12
(b) If (a,) is a bounded decreasing sequence and (b,,) is a bounded increasing sequence and if x,, = a,, + b,
for n € N, show that Y., , |x, — x,41| IS cOnvergent.

+ zis + 3% + 413 + -+ is convergent, but that the Root Test fails to apply.



Question 8
(a) Find a series expansion for f(fe‘tzdt forx € R.

(b) Show that if ) a,, is an absolutely convergent series, then the series ), a,, sin nx is absolutely and uniformly
convergent.



