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Question 1  

(a) Show directly from the definition that the sequence (
𝑛+1

𝑛
) is a Cauchy sequence. 

(b) Let (𝑥𝑛) be a Cauchy sequence such that 𝑥𝑛 is an integer for every 𝑛 ∈ ℕ. Show that (𝑥𝑛) is ultimately 

constant. 

 

 

 



Question 2 

(a) Let 𝐴 ⊆ ℝ and let 𝑓: 𝐴 → ℝ be continuous at a point 𝑐 ∈ 𝐴. Show that for any 𝜀 > 0, there exists a 

neighborhood 𝑉𝛿(𝑐) of 𝑐 such that if 𝑥, 𝑦 ∈ 𝐴 ∩ 𝑉𝛿(𝑐), then |𝑓(𝑥) − 𝑓(𝑦)| < 𝜀.  

(b) Show that 𝑓(𝑥) = 1/𝑥2 is uniformly continuous on 𝐴 = [1, ∞), but that it is not uniformly continuous on 

𝐵 = (0, ∞). 

 

 

 

 

 



Question 3  

a) Show that 𝑓(𝑥) = 𝑥1/3,  𝑥 ∈ ℝ, is not differentiable at 𝑥 = 0. 

b) Show that if 𝑥 ≥ 0, then 

1 +
1

2
𝑥 −

1

8
𝑥2 ≤ √1 + 𝑥 ≤ 1 +

1

2
𝑥 

 

 

 

 

 

 

 

 



Question 4  

(a) Suppose that 𝑓 and 𝑔 are continuous on [𝑎, 𝑏], differentiable on (𝑎, 𝑏), that 𝑐 ∈ [𝑎, 𝑏] and that 𝑔(𝑥) ≠ 0 for 

𝑥 ∈ [𝑎, 𝑏], 𝑥 ≠ 𝑐. Let 𝛼 = lim
𝑥→𝑐

𝑓 and 𝛽 = lim
𝑥→𝑐

𝑔. If 𝛽 = 0, and if lim
𝑥→𝑐

𝑓(𝑥)

𝑔(𝑥)
 exists in ℝ, show that 𝛼 = 0. 

(b) Let 𝑓(𝑥) = 𝑥2 sin(1/𝑥) for 𝑥 ≠ 0, let 𝑓(0) = 0, and let 𝑔(𝑥) = sin 𝑥 for 𝑥 ∈ ℝ. Show that lim
𝑥→0

𝑓(𝑥)

𝑔(𝑥)
= 0 

but that lim
𝑥→0

𝑓′(𝑥)

𝑔′(𝑥)
 does not exist. 

 

 

 

 



Question 5  

(a) If 𝑓 ∈ ℛ[𝑎, 𝑏] and |𝑓(𝑥)| ≤ 𝑀 for all 𝑥 ∈ [𝑎, 𝑏], show that |∫ 𝑓
𝑏

𝑎
| ≤ 𝑀(𝑏 − 𝑎). 

(b) If 𝑓 and 𝑔 are continuous on [𝑎, 𝑏] and if ∫ 𝑓
𝑏

𝑎
= ∫ 𝑔

𝑏

𝑎
, prove that there exists 𝑐 ∈ [𝑎, 𝑏] such that        

𝑓(𝑐) = 𝑔(𝑐). 

 

 

 

 



Question 6  

(a) Show there does not exist a continuously differentiable function 𝑓 on [0,2] such that 𝑓(0) = −1, 𝑓(2) = 4, 

and 𝑓′(𝑥) ≤ 2 for 0 ≤ 𝑥 ≤ 2.  [Apply the Fundamental Theorem] 

(b) If 𝑔(𝑥) = 𝑥 for |𝑥| ≥ 1 and 𝑔(𝑥) = −𝑥 for |𝑥| < 1 and if 𝐺(𝑥) =
1

2
|𝑥2 − 1|, show that  

∫ 𝑔(𝑥)𝑑𝑥
3

−2

= 𝐺(3) − 𝐺(−2) = 5/2. 

 

 

 

 

 

 



Question 7  

(a) Show that the series 
1

12
+

1

23
+

1

32
+

1

43
+ ⋯ is convergent, but that the Root Test fails to apply. 

(b) If (𝑎𝑛) is a bounded decreasing sequence and (𝑏𝑛) is a bounded increasing sequence and if 𝑥𝑛 = 𝑎𝑛 + 𝑏𝑛 

for 𝑛 ∈ ℕ, show that ∑ |𝑥𝑛 − 𝑥𝑛+1|∞
𝑛=1  is convergent. 

 

 

 

 

 

 

 

 



Question 8  

(a) Find a series expansion for ∫ 𝑒−𝑡2
𝑑𝑡

𝑥

0
 for 𝑥 ∈ ℝ. 

(b) Show that if ∑ 𝑎𝑛 is an absolutely convergent series, then the series ∑ 𝑎𝑛 sin 𝑛𝑥 is absolutely and uniformly 

convergent.  

 

 

 

 

 


