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Exercise 1
Show that there exists a positive real number u such that u> = 2.
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Exercise 2

(i) Prove that if lim(x,) = x and if x > 0, then there exists a natural number
M such that x,, > 0 for all n > M.

=2

2
(ii) Use the definition of the limit of a sequence to establish lgn - J_l 1
n—oo

(iii) Let (x,) be a sequence of positive real numbers such that r}glgo (x}/™) < 1.
Show that lim(x,) = 0.
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Exercise 3
Xn+1

Let X = (x,) be a sequence of positive real numbers such that L := lim ——
n—oo xi’l

exists.

(i) Show that, if L < 1, then (x,) converges and lim x,, = 0.
(ii)) What about the case L =1 ?

(iii) Show that if L > 1, then X is not a bounded sequence and hence is not
convergent.

Page 4



Exercise 4

(i) Let a > 0 and let zy > 0. Define z,,11 := y/a+z, for n € IN. Show that
(zn) converges and find its limit.

(ii) Let x, := 1% + 21—2 +...+ 7,1—2 for each n € IN. Prove that (x,) converges.
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Exercise 5

(i) Show the divergence of the sequence sin( ).

(ii) Suppose that x, > 0 for all n € IN and that lim((—1)"x,,) exists. Show that
(xn) converges
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Exercise 6

1
(i) If x; = 2 and x,, 11 := 2+ o for n > 1, show that (x,) is a contractive
n

sequence and find its limit.

(ii) Let (x,) be a Cauchy sequence such that x, is an integer for every n € IN.
Show that (x,) is ultimately constant.
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Exercise 7
Let (x,) and (y.) be sequences of positive numbers such that lim(x,/y,) = 0.

(a) Show that if lim(x,) = oo, then lim(y,) = oo.
(b) Show that if (y,) is bounded, then lim(x,) = 0.
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