King Fahd University of Petroleum and Minerals
Department of Mathematics
Math 371 Exam 2, 1* Semester (231),

Net Time Allowed: 90 minutes

November 14, 2023

Name: K e y (Capital Letters)

ID No.:

Section NO.:

Please:

1. Write clearly with a pen or dark pencil in the designed area for each question.

2. Fill your info clearly, and write your ID NO in the pages (3, 5, 7, 9) in the right corner inside the box.

3. If you need more space, you may use page 9 and 10 but you have to state that clearly in the question’s area.
4. Show all your steps, no credit will be given to wrong steps.

5. Set your calculator to RADIAN and Use 4 decimal places for all calculations.



Q1) Consider the following initial-value problem:

dy _y _
Z_1=Z, 1<t<2, y(1) =2,

a. Use the Euler’s method with step size h = 0.25 to approximate y(2). (Use 4 decimal places for all

calculations.)

14 points

b. If the exact solutionis y(t) = tInt + 2t , find an error bound for the approximation of y(2) in part a.

Sol: (a) Here f(t,y) = 1+%, h =025, ty = 1, t; = 1.25,t, = 1.5,t3 = 1.75,t, = 2,

wog=a=2
Wir1 = w; + hf (6, w))
Wy 2
0
1 .

2 .

w3 917

t3
y(2) = 5.2691.

(b) y(®©) =tlnt+2t = y' @O =Int+1+2 y"(t)=%

1
= " = _ - =
M‘{Q?é'y Ml =1, 3 n =L=1

0.25%1
2x*1

hM
Error Bound ly(2) —w,| < oA (et —1) = (et*@Y —1) =0.2148




3 ID NO:

0.5 .
Q2) Use the Composite Simpson’s rule to approximate the integral f—o 5 X In(x+1) dx withn =6

Sol: b = 05-C08) _ 1

6 6
1 1 1 1 1
xo——E,xl———+—=—§, xz———+g=—g, x3=—g+g=0
1 1 1 1 1
x4—0+—=g, x5=—+—=§, x6=§+g=5

0.5 1

fxln(x+1) dx :g[f(x0)+4'f(x1)+2f(x2)+4'f(x3)+2f(x4)+4f(x5)+f(x6)]
-05

= 750:3466 + 4(0.1352) + 2(0.0304) + 4(0) + 2(0.0257) + 4(0.0959) + 0.2027]

= 0.0881

10 points




Q3) Show that the initial-value problem

% = %y + t2et, 1<t<2, y(1) =0, 10 points

has a unique solutionon D = {(t,y)|1 <t < 2,—c0 < y < }. (Do not solve the IVP)

Sol: Here f(t,y) = %y + t2et is continuous on D.

of 2 of
—=-and |—|SZ=L onl<t<?2
dy t dy
f(t,y) satisfy the Lipschitz condition on D in the variable y.

By Theorem 5.4, the IVP has a unique solution.



Q4) If the least squares polynomial of degree one for the following table

ID NO:

Xi 1.0

1.1

1.3

1.5

1.9

2.1

Vi a

1.96

2.21

2.45

2.94

12 points

isy = 0.6209 + 1.2196x, find the values of @ and .

Sol: Herea = 0.6209, b = 1.2196
Xi yi xi2 Xi yi
1.0 a 1.0 a
1.1 1.96 1.21 2.1560
1.3 2.21 1.69 2.8730
15 2.45 2.25 3.675
1.9 2.94 3.61 5.5860
2.1 B 4.41 2.18
8.9 9.56+a+p 14.17 a+2.14+14.29

Put in the equations,

na+(zx) bzzy
(zx)a+(zx2)b=zxy

6(0.6209) + 8.9(1.2196) = 9.56 + a + f8

8.9 (0.6209) + 14.17(1.2196) = a + 2.18 + 14.29

_ 85177 —-5.0198

1.1

a+p =5.0198

a+2.1p=85177

=3.1799, «a =5.0198 —3.1799 = 1.8399




IN NN

Q5) The Trapezoidal rule applied to fol/zf(x) dx gives the value 4 and Simpson’s rule gives the value 1.

8 points

What is f G)?

Sol: By Trapezoidal rule

1
f feax = 2] +f(%)] =1 = f@+f(3)=16

0

N

By the Simpson’s rule

1
=20 (s 1 = r0rl)er(l)-

O\N“_l

4f(%>=12—16=—4

/)=
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Q6) Consider the following table:

X f(x) f'(x) 14 points
-0.3 —0.27652
-0.2 —0.25074
-0.1 —0.16134

a) Use the most accurate three-point formula to determine each missing entry in the table.
b) Given that f'(0) ~ 1.9731, approximate f''(—0.1)?
Sol: (a) Here h = 0.1

03) ~ —3f(—0.3) + 4f(=0.3+0.1) — f(—0.3+0.2) _ —3(—0.27652) + 4(—0.25074) — (—0.16134)
f(=03) ~ 2(0.1) - 0.2
= —0.06030

F(=02+0.1) — f(=0.2—0.1) —0.16134 + 0.27652

(-0.2) ~ = 0.57590
f(=02) 200.0) 02

—3f(=0.1) + 4f(-0.2) — f(-03)  —3(-0.16134) + 4(-0.25074) — (—0.27652)
2(-0.1) B —0.2

= 1.21210

f(=0.1) ~

, F(=0.1—0.1) — 2f(=0.1) + f(=0.1 + 0.1) —0.25074 — 2(—0.16134) — f(0)
f =0y = (0.1)2 - 0.01

Now, using f'(0) = 1.9731

—3£(0) + 4f(—=0.1) — f(=0.2) —3f(0) + 4(—0.16134) — (—0.25074)
- =1.9731
2(-0.1) —0.2

f(0) =

Implies f(0) =~ 0.
Therefore,

—0.25074 — 2(—0.16134)
= 7.1940.
0.01

f(=01) =

or, £(0) = f(o_(iz)l_f(()) _ —0.161_3041—f © _ 1.9731, implies £(0) ~ —0.0360.

—0.25074—2(-0.16134)+0.0360

o1 = 10.7940. Or any similar idea.

Therefore, f (=0.1) ~



8

Q7) Construct the Natural cubic spline S(x) that passes through the points (0,1), (g, 2),and (m, 1).

12 points

A
Sol: x, =0, X1 =7 X, =T

ay=f(x)) =1, a=f(x1)=2 a=f(x)=1
The two polynomials are:

So(x) = ag + bo(x — xq) + co(x — x0)* + do(x — x¢)*
= ag + box + cox? + dgx3
and

S1(x) = ag + by(x —x1) + ¢y (x — %)% + dy (x — x1)°
by (x—2) ter (x—5) +di(x-2)

2 2

1 0 O 0

T T 12

== 2 — =|——
A > T > | b -
0O 0 1 0

6

COZO, C2:0, Clz__z
A

b = —_— = +___
0 hg 3 % 3 T T T
T 12
_ a2 — a1 hl(CZ + 2C1) _ 1 E(_ ?) 2 _
by = — =—7F - =——+-=0
hq 3 > 3 T T
6
d _(Cl_CO) _T[Z _ 4
0 = — - _
TN
6
d _(Cz—cl) T[Z _ 4
L -
3h n 3
tos(3)
3 4 3
So(x) =1+=-x——=x
T T
6 ™2 4 T\ 3
Sl(x)=2—;(x—5) +;(X’—E)
3 4 T
1+—=x——x° xE(O,E)
S(x) = 3



