KFUPM
Department of Mathematics
Math 427, Final Exam, Term 242.

Duration: 2.5 hours

Part | (100 points)

1. [10 points] Find all integers that can be written simultaneously in the form
3m + 2 and in the form 7k — 4, where m and k are integers.

2. [10 points] Find all primes p such that p? |31’2 + 7.

3. [6+6+8=20 points]

a. Letn be a positive integer. Find the value of the sum de “(d)r(d).

a(d)

b. Solve T(n) = 10. Find the smallest solution.
c. Find all perfect numbers of the form 3p*, where p is a prime number and
k is a positive integer.
4. [6+4+4+6=20 points]
a. Show that 3 is a primitive root modulo 31.
b. Find a reduced residue system modulo 31 consisting of powers of 3.
c. Which powers of 3 are also primitive roots modulo 317?
d. Solve x* = 9 mod 31. You may give your solutions as powers of 3.

5. [20 points] Find all primes p such that (%) = 1.
6. [10 points] Find all primitive Pythagorean triples (x, y, z), with y even, in which
z = 65.

7. [10 points] Solve % + % = é in integers.

Part Il (50 points)

8. [8+7 points]
a. Use numbers of the form n! 4+ 1 to prove the infinitude of primes.
b. Prove that there are infinitely many composite numbers of the form n! +
1.

9. [10 points] Let n be a positive integer. Prove that ¢(n) =

n
2w(n)”
10.[5+10 points] Let p be an odd prime, a and h be positive integers.

a. Prove thatif a® = 1 mod p, then aP* = 1 mod p?.



b. Prove that if g is a primitive root modulo p?, then it is a primitive root
modulo p. Hint: Use Part (a).
11.[10 points] Prove that if p and q are distinct odd primes such that p =

—q mod 4, then (S) = (%).

Good luck,

Ibrahim Al-Rasasi



