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Question 1 

a) Write a system of differential equations (equation of motion) for the following mass-

spring system considering the air resistance. 

 
b) Write a system of first-order differential equations equivalent to the system in a) and 

write the vector-matrix notation of the first-order system. 

 



 

 



 

Question 2  

a) Discuss the problem of existence and uniqueness of solution of the initial value problem for the 

system. 
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, 𝒚(𝑡0) = 𝜼 

b) Discuss the problem of existence and uniqueness of solution of the following initial value 

problem. Solve the problem and give the interval of definition of the solution. 

𝑑𝑦

𝑑𝑡
= −

𝑦

𝑡 + 1
, 𝑦(0) = 1 



 

 



 

Question 3 Consider the differential equation 

𝑦′ = 𝑔(𝑡)𝑦 

Assume that  

∫ |𝑔(𝑠)|𝑑𝑠
𝑡

0

≤ 𝑡, 𝑡 ≥ 0, 

∫ |𝑔(𝑠)|𝑑𝑠
0

𝑡

≤ −𝑡, 𝑡 ≤ 0. 

Show that |𝑦(𝑡)| ≤ |𝑦(0)| exp(|𝑡|). 



 

 



 

Question 4 Let 

𝑨(𝑡) = (
0 1

−2/𝑡2 2/𝑡
) , 𝒇(𝑡) = (

𝑡
1
) 

a) Show that  

𝚽(𝑡) = (𝑡
2 𝑡
2𝑡 1

) 

is a fundamental matrix for the system 𝒚′ = 𝑨(𝑡)𝒚 on any interval I not including the 

origin. 

b) Consider the system 𝑦′ = 𝑨(𝑡)𝑦 + 𝒇(𝑡). Find the solution 𝝓 the nonhomogeneous 

system satisfying the initial condition 𝝓(1) = (
1
−1
). 



 

 



 

Question 5 Find the fundamental matrix 𝑒𝑨𝑡 of the system 

𝒀′ = 𝑨𝒀, 𝑨 = (
−1 0 0
2 1 2
3 0 1
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