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MATH435 — Ordinary Differential Equations
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Question 1 Let
(4 -1
A=( e ).
a) [9pts] Determine the canonical form ] of A and find the corresponding matrix T such that
J =T AT

b) [3pts] Draw the phase portrait of the canonical system z’ = Jz
¢) [8pts] Find a fundamental matrix of y’ = Ay using the change of variables y = Tz.
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Question 2

Consider the non-homogeneous linear system

X'=AX +( 2‘2:;)

where A is a constant matrix of real eigenvalues A, and A,. In each of the following cases, determine
whether l}irn 1X(®)] =0, or 1}im | X()| = o0, 0r |X(t)| < K forallt = 0.

a) 1,=0,1,<0
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b) 4, S_E’ Ay < =5
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Question 3 Consider the IVP
y'=f(X,y), y(_3)=2

where

y3-1

fey) = 3= iyt
Let
D={(x,y)eR|x+3|<1ly-2|<1}
a) [8pts] Find two constants M > 0 and K > 0 such that
Ifee, )| <M, %(x, y)l <K, forall (x,y) € D.

b) [7pts] Show that the IVP has a unique solution y(x), x € I (give explicitly the interval I)
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Question 4 Consider the linear system
e, . sint AT
(y) =a) (y) , AWM ={1- cgsl t ;

a) [2pts] Find the smallest positive number w such that A(t + w) = A(t), forall t > 0.
b) [10pts] Solve the system and give the general solution

¢) [1O0pts] Find the characteristic multipliers and characteristic exponents of the system.
d) [3pts] Does the system have a periodic solution? (Justify your answer)
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Question 5 Consider the first order [VP

R O
LetD = {(t,y) € R%, |t]| € a, |y — yol < B}, a,B > 0. Assume that f is continuous in D and
If(t,y) <K, forall(t,y) ED
If(t,x) - f& )| <Llx—yl, forall(t,x),(ty) €D.

Define I = {t € R, |t| < h}, h = min (a, ;’8{-) , and the sequence {y,} by

t
V() =y, +f f(s, yn_l(s))ds, =123 .., tel
0

a) [13pts] Show that y,, (t) converges to a function y(t), t € I.
b) [7pts] Assuming that y(t) is continuous on I, prove that y(t) satisfies the integral
equation
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