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Problem 1 Discuss the existence and uniqueness of the solution to the following initial value
problem.

a) y'+kyy' +k,siny=0, y(a)=b,y'(a) =c.
b) ¥ =y +t¢t, y(a) =g

yi =ty; +y, + cost
t
©) y¥5=(sint)y; +y, +5
(1) =1, ¥(1)=0.
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Problem 2 Consider the linear system y’' = A(t)y

a) Let A(?) be continuous for —oo < t < o and be periodic with period 2. Show that if D(t)
is a fundamental matrix of the system for —co < t < oo, then so is @ (t + 21). Thus, prove
that ®(t + 2m) = ®(t)C for some nonsingular matrix C.

b) Let A(t) be continuous on some interval /. Show that the transformation y = T(t)z, where
T is a nonsingular differentiable matrix function on the interval I, reduces the system to the
system

z' = (TTT@A@TE) — T 1(O)T'(t) z
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Problem 3 Consider the system

x' =3x —2x% —xy

y' =3y —xy—2y®
a) Classify the critical points (0,0) and (1,1).

b) Show that the system is almost linear near the critical point (1 1)
c) Investigate the stability of the critical points.

Jowton

et ity

a) The Yacobian

YA ok rix of Mre SuStewun (S

o~ [2-bx-y Nk
J(Xv) = L

= Do x =4y
3(o,0) = (1 C;) = The origin {3 & proper viode
j(l, ) = ("2‘ i;) = Eijen\/awes g =
(|jt> [
\9> Pk Uzx-y

\MPropey WNode .

Vov-1, We obian

dod A x
_;i;:azx{%fzx»% = (w4 ) (3-2(us)) = (var))
T = (ue)) (2u-v)
Mo 23 oy (3-x-2g) = () (3=(un) - 2 (v40)
4 &t _(VH) (-u=-2v)
du .7 .
:) -?’C(:_—( ?.L!\--V)—VLLZ"A"*'V)
L o (o g~ s ey
n{f’f‘;

-V (R

L{Zl; F(U,U) o (—M(2u+\1)>
)
[ F(u,v) | =

- MA\\zu;v\4-\v{\u+avf

< 2 (ul (lu[Hv!) + 2lv] Clwl & 1lvi \<2(\u\ +\v\>
=) ‘\‘M \F{u v)\

=0 = TL‘@ SyStem 1€ almast linear
Welfso W+ 4 Cod



c} Evenvalue of J(0,0 I8 2 (b pleity 2).
'ﬁ"‘”‘s/ (0,0) 18 an unStable crikizal \(c.fm(z-
&\%Q,MVMQ% of 3(\,\) are woth Weqatiwe,

(?\l-‘-'- "‘QJ } /}‘?’ ;w\ ¢

HQ\AC@) (\)\) & awn
ok Cal Vo ik -

oS4 way fn e al L{; %aéﬁe



Problem 4 Consider the system

1
K= (—1 + )x
t+1
vy =(-2+e )y
Show that the zero solution is globally asymptotically stable.
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Problem 5 Consider the system
x'=—x—-x*-3y
y' =3x-y
Estimate the region of asymptotic stability of the zero solution of the system
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Problem 6 Use the Lyapunov’s second method to determine the stability of the zero solution of
the system.
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Problem 7 For the following system, show that the zero solution is globally asymptotically
stable.
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