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Question 1

Consider the linear second order PDE

2uxx + 2uxt − 4utt + x+ t = 0

(a) Classify the PDE as being elliptic, parabolic or hyperbolic.

(b) Use the following change of variables

ξ = x− 1

2
t, η = x+ t

and transform the PDE into its canonical form.
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Question 2

(a) Find the eigenvalues and the eigenfunctions of the problem

X ′′ + λX = 0; X(0) = X(L) = 0
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(b) A thin, homogeneous bar of length π, thermal diffusivity 1, and insulated sides has its ends maintained
at temperature zero. The bar has an initial temperature given by

f(x) = x sinx

Determine the temperature distribution in the bar.
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Question 3

Consider the nonhomogeneous initial-boundary value problem
ut = kuxx + xt, for 0 < x < π, t > 0

ux(0, t) = ux(π, t) = 0, for t > 0

u(x, 0) = 1, for 0 < x < π

(1)

Derive a solution of (1), using that u(x, t) will be in the form

1

2
T0(t) +

∞∑
n=1

Tn(t) cos (nx)
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Question 4

If u(x, t) is the solution of the initial-boundary value problem
ut = 2uxx − 4ux, for 0 < x < 2, t > 0

u(0, t) = 0, u(2, t) = 2e2−2t, for t > 0

u(x, 0) = f(x), for 0 < x < 2

and assume u(x, t) is given by
u(x, t) = eαx+βt (v(x, t) + g(x))

Choose α, β and g(x) to obtain a standard heat equation (vt = 2vxx) for v. Define the initial-boundary

value problem for v but do not solve it.
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Question 5

If u(x, t) is a continuous solution of the initial-boundary value problem
ut = 10uxx + F (x, t), for 0 < x < 1, t > 0

u(0, t) = et, u(1, t) = t, for t > 0

u(x, 0) = 1− x, for 0 ≤ x ≤ 1

Prove that u(x, t) is a unique solution.
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Question 6

(a) Show that u(x, t) = Af(x− t) + Bg(x + t) is a solution of the wave equation utt = uxx for all x and
t, where f and g are differentiable functions of a single variable, and A,B ∈ R.

(b) Specify A,B and the functions f, g in (a) to find a solution of the initial-boundary value problem
utt = uxx, for 0 < x < π, t > 0

u(0, t) = − sin t, u(π, t) = sin t, t > 0

u(x, 0) = sin x, ut(x, 0) = − cosx, 0 < x < π
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