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Question 1

Given the initial-boundary value problem for the wave equation:
utt = c2uxx, for 0 < x < L, t > 0

u(0, t) = u(L, t) = 0, for t > 0

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), for 0 < x < L

(1)

(a) Solve the IBVP (1) using separation of variables.

(b) Write the solution of the IBVP given the following information:

ϕ(x) = 0, ψ(x) = x, c = 2, L = 1.

Question 2

Consider the IBVP: 
utt = 4uxx + cosx, for 0 < x < π, t > 0

u(0, t) = u(π, t) = 0, for t > 0

u(x, 0) = ut(x, 0) = 0, for 0 < x < π

Transform the equation into a homogeneous PDE for which you could apply the method of separation of
variables.
Find that homogeneous PDE and define the initial and boundary conditions, but do not solve it.

Question 3

Consider Cauchy problem for the wave equation on the real line:{
utt = uxx, for −∞ < x <∞, t > 0

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), for −∞ < x <∞

(a) Derive d’Alembert’s solution of the Cauchy problem (), starting with the fact that

u(x, t) = F (x− t) +G(x+ t)

(b) Let u1(x, t) be the solution of the Cauchy problem with ϕ(x) = cos(x) and ψ(x) = x
and u2(x, t) be the solution of the Cauchy problem with ϕ(x) = cos(x) + ϵ and ψ(x) = x+ ϵ.

Write the solutions u1(x, t) and u2(x, t), then show that |u1(x, t)− u2(x, t)| ≤ (1 + T )ϵ for all x and
0 ≤ t ≤ T , for every positive number T .

Question 4

Solve the Dirichlet problem
∇2u(x, y) = 0, for 0 < x < 1, 0 < y < π

u(0, y) = u(1, y) = 0, for 0 < y < π

u(x, 0) = sin(πx), u(x, π) = 0, for 0 < x < 1
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Question 5

Let D be a disk of radius ρ about the origin. Consider the Dirichlet problem on D using polar coordinates:{
∇2u(r, θ) = 0, for 0 ≤ r < ρ,−π ≤ θ ≤ π

u(ρ, θ) = f(θ), for − π ≤ θ ≤ π

(a) Derive the Poisson’s integral solution given that the solution of the Dirichlet problem is

u(r, θ) =
1

2π

∫ π

−π

f(ξ)dξ +
∞∑
n=1

rn

πρn

[∫ π

−π

f(ξ) cos(nξ)dξ cos (nθ) +

∫ π

−π

f(ξ) sin(nξ)dξ sin (nθ)

]
(b) Solve the Dirichlet problem given the following information:

ρ = 7, u(7, θ) = cos2 θ

Question 6

Solve the Neumann problem:
∇2u(x, y) = 0, for 0 < x < 1, 0 < y < 1

ux(0, y) = ux(1, y) = 0, for 0 < y < 1

uy(x, 0) = 4 cos (πx), uy(x, 1) = 0, for 0 < x < 1

(2)

Define a necessary condition for the solution to exist. Does this problem have a unique solution?

3


