King Fahd University of Petroleum and Minerals
College of Computing and Mathematics
Department of Mathematics
Math 437 - Major Exam II
AY 2022-2023 (Term 221)

Time Allowed: 120 Minutes

e Textbook, notes, mobiles and smart devices are not allowed in this exam.
e Write neatly and legibly. You may lose points for messy work.

e Show all your work. No points for answers without justification.

Question | Marks | Max Marks
1 15
2 15
3 20
4 15
5 20
6 15
Total 100




Question 1
Given the initial-boundary value problem for the wave equation:

Uy = CPUgy, for 0 <z < L,t>0
uw(0,t) = u(L,t) =0, for t >0 (1)
u(z,0) = ¢(x), u(z,0) = P(z), for 0 <z <L

(a) Solve the IBVP (1) using separation of variables.
(b) Write the solution of the IBVP given the following information:

o(x) =0,¢(x) =x,c=2,L=1.

Question 2

Consider the IBVP:
Uy = Uy +coszx, for O <z <mt>0

u(0,t) = u(m,t) =0, for t >0
uw(z,0) = uy(x,0) =0, for 0 <z <7

Transform the equation into a homogeneous PDE for which you could apply the method of separation of
variables.
Find that homogeneous PDE and define the initial and boundary conditions, but do not solve it.

Question 3

Consider Cauchy problem for the wave equation on the real line:

Uyp = Ugpy, fOor —o0 < < 00,t >0
u(z,0) = ¢(x), u(x,0) =Y(z), for —oo <z < o0

(a) Derive d’Alembert’s solution of the Cauchy problem (), starting with the fact that
u(z,t) =F(x —t)+ Gz + 1)

(b) Let uy(z,t) be the solution of the Cauchy problem with ¢(z) = cos(x) and (z) = x
and us(x,t) be the solution of the Cauchy problem with ¢(z) = cos(z) + € and ¢¥(z) = x + €.

Write the solutions u(z,t) and us(x,t), then show that |uy(z,t) — us(x,t)] < (1 +T)e for all z and
0 <t < T, for every positive number T'.

Question 4

Solve the Dirichlet problem

Viu(z,y) =0, for 0<z<1,0<y<m
w(0,y) =u(l,y) =0, for 0 <y <
u(z,0) = sin(mz), u(z,m) =0, for 0 <z <1



Question 5
Let D be a disk of radius p about the origin. Consider the Dirichlet problem on D using polar coordinates:

Viu(r,0) =0, for 0<r<p,—-r<60<m
u(p,0) = f(0), for —m <0<

(a) Derive the Poisson’s integral solution given that the solution of the Dirichlet problem is
1 s 0 g s ™ . .
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(b) Solve the Dirichlet problem given the following information:

p="Tu(7,0) = cos’0

Question 6

Solve the Neumann problem:

Viu(z,y) =0, for 0<z<1,0<y<1
uz(0,y) = ug(1l,y) =0, for 0 <y <1 (2)
uy(z,0) =4cos (mx), uy(zr,1) =0, for 0 <z <1

Define a necessary condition for the solution to exist. Does this problem have a unique solution?



