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Question 1

Solve the Poisson problem 
uxx + uyy =

√
3y, for 0 < x < π, 0 < y < 2π

u(x, 0) = u(x, 2π) = 0, for 0 < x < π

u(0, y) = u(π, y) = 0, for 0 < y < 2π.

Question 2

Consider the heat equation on the real line{
ut = kuxx, for −∞ < x <∞, t > 0

u(x, 0) = f(x), for −∞ < x <∞.
(1)

(a) Derive a solution for (1) using separation of variables and Fourier integral method.

(b) Reformulate the solution and verify that:

u(x, t) =
1

2
√
πkt

∫ ∞

−∞
f(ξ) e−(x−ξ)2/4ktdξ

(c) Write the solution of (1) given that

f(x) =

{
1, for − 1 ≤ x ≤ 1,

0, for |x| > 1.

Then, expand the integrand of this solution in a Maclaurin series and integrate term by term to obtain
a series solution for u(x, t).

Question 3

Solve the Dirichlet problem for the upper half-plane{
∇2u = 0, for −∞ < x <∞, y > 0

u(x, 0) = f(x), for −∞ < x <∞.

given that

f(x) =

{
cos(x), for − π/2 ≤ x ≤ π/2,

0, for |x| > π/2.

Question 4

Consider the linear first-order partial differential equation:

3yux − 2xuy = 0.

Determine the characteristics and the general solution of the partial differential equation.
For each set of Cauchy data given, attempt to find a particular solution of the Cauchy problem. Determine
if there is a unique solution, no solution, or infinitely many solutions.

(a) u(x, y) = x2 on the line y = x.

(b) u(x, y) = 1− x2 on the line y = −x.

(c) u(x, y) = 2x on the ellipse 2x2 + 3y2 = 4.
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Question 5

Find the solution of the quasilinear equation

yux − xuy = eu

that contains the curve Γ given by y = sinx, u = 0

Question 6

Consider the initial boundary value problem (IBVP):
ut = 7uxx, for 0 < x < 5, t > 0

u(0, t) = 1, u(5, t) = 4, for t > 0

u(x, 0) = e−x, for 0 < x < 5.

(2)

Assume u(x, t) = U(x, t) + ψ(x), where

U(x, t) =
∞∑
n=1

cn sin
(nπx

5

)
e−7n2π2t/25

satisfies the heat equation Ut = 7Uxx for 0 < x < 5, t > 0 and U(0, t) = U(5, t) = 0.

(a) Solve the IBVP (2) by finding cn and ψ(x).

(b) What does the solution u(x, t) represent? Graph the solution for two different values of t. Specify the
transient part and the steady-state part of the solution.

Question 7

Prove Duhamel’s principle for the wave equation that is the solution of the problem{
utt − c2uxx = h(x, t), for −∞ < x <∞, t > 0

u(x, 0) = ut(x, 0) = 0, for −∞ < x <∞.

is

u(x, t) =

∫ t

0

w(x, t, τ)dτ

where w = w(x, t, τ) satisfies{
wtt − c2wxx = 0, for −∞ < x <∞, t > τ

w(x, τ, τ) = 0, wt(x, τ, τ) = h(x, τ), for −∞ < x <∞.
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