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Exercise 1
Prove that if z ̸= 1, then

1 + z + z2 + · · ·+ zn =
zn+1 − 1

z − 1
.

Use this result and De Moivre’s formula to establish the following identities for
θ ∈ (0, 2π):

(a) 1 + cos θ + cos 2θ + · · ·+ cos nθ =
1
2
+

sin
(

n + 1
2

)
θ

2 sin
(

θ
2

) ,

(b) sin θ + sin 2θ + · · ·+ sin nθ =
sin(nθ

2 ) sin
(
(n + 1) θ

2

)
sin

(
θ
2

) ,
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Exercise 2

1. Find all values of (1 −
√

3i)
1
3

2. Solve the equation (z + 1)5 = z5.
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Exercise 3
A real-valued function u(x, y) satisfies

∂u
∂x

=
2x

x2 + y2 and
∂u
∂y

=
2y

x2 + y2

at every point in the annulus A = {z : 1 < |z| < 3}. Determine u(x, y) up to
an additive constant.
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Exercise 4
Prove that u(x, y) = x3 − 3xy2 + y is harmonic and find its harmonic conjugate.
Find an analytic function such that ℜ( f ) = u.
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Exercise 5
Let f (z) = ez.

(a) Describe the domain of definition and the range.

(b) Describe the image of the vertical line Re z = 1.

(c) Describe the image of the horizontal line Im z = π
4 .

(d) Describe the image of the infinite strip 0 ≤ Im z ≤ π
4 .
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Exercise 6
Let f (z) = u(x, y) + iv(x, y), where z0 = x0 + iy0 and w0 = u0 + iv0. Prove that

lim
z→z0

f (z) = w0

if, and only if,

lim
(x,y)→(x0,y0)

u(x, y) = u0 and lim
(x,y)→(x0,y0)

v(x, y) = v0.
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