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Question 1

Use the separation of variables method to solve the Laplace equation:

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < L, 0 < y < H,

subject to:
u(0, y) = 0, u(L, y) = 0, u(x, 0) = 0, u(x,H) = f(x),

where f(x) is a given function.
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Question 2

Consider the initial boundary value problem (IBVP):
ut = 7uxx, for 0 < x < 5, t > 0

u(0, t) = 1, u(5, t) = 4, for t > 0

u(x, 0) = x+ 1, for 0 < x < 5.

(1)

Assume u(x, t) = v(x, t) + ψ(x), where

v(x, t) =
∞∑
n=1

cn sin
(nπx

5

)
e−7n2π2t/25

satisfies the heat equation vt = 7vxx for 0 < x < 5, t > 0 and v(0, t) = v(5, t) = 0.
Solve the IBVP (1) by finding ψ(x), v(x, 0) and cn.
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Question 3

Consider the wave equation: ∂2u
∂t2

= 4∂2u
∂x2 , −∞ < x <∞, t > 0,

with the initial conditions: u(x, 0) = H(x− 1), ∂u
∂t
(x, 0) = 1

x2+1
Then, u(x, t) =

(A) 1
2
[H(x+ 2t− 1) +H(x− 2t− 1)] + 1

4
[tan−1(x+ 2t)− tan−1(x− 2t)]

(B) 1
4
[tan−1(x+ 2t) + tan−1(x− 2t)]

(C) 1
2
[H(x+ t− 1)−H(x− t+ 1)] + 1

2
[tan−1(x+ t)− tan−1(x− t)]

(D) 1
2
[H(x+ 4t− 1) +H(x− 4t+ 1)] + 1

2
[tan−1(x+ 4t) + tan−1(x− 4t)]

(E) None of the above.

Question 4

The function f(t) is defined as:

f(t) =

{
e2t, t < 0,

e−t, t > 0.

The Fourier Transform F (ω) of f(t) is

(A) 3
(2−iω)(1+iω)

(B) 2
(2+iω)(1−iω)

(C) 1
(1+iω)2

(D) 1
(2−iω)2

(E) None of the above.
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Question 5

Using Parseval’s equality and the fact that F
{

1
1+t2

}
= πe−|ω|,

∫∞
−∞

dx
(x2+1)2

=

(A) π
2

(B) π
4

(C) π
8

(D) π
6

(E) None of the above.

Question 6

Find the Laplace Transform of f(t) = 2 sin(t)− cos(2t) + cos(3).

(A) 2
s2+1

− s
s2+4

+ cos(3)
s

(B) 2s
s2+1

− s
s2+4

+ cos(3)
s

− 1
s2

(C) 2
s2+1

− s
s2+4

+ cos(3)
s2

(D) 2
s2+1

− s
s2+4

+ s
s2+9

(E) None of the above.
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Question 7

The inverse Laplace Transform of F (s) = 2s+3
s2+9

.

(A) 2 cos(3t) + sin(3t)

(B) 2 sin(3t) + cos(3t)

(C) 2 cos(3t) + 3 sin(3t)

(D) 2 sin(3t)− cos(3t)

(E) None of the above.

Question 8

What is the Laplace transform Y (s) of the solution to the initial value problem y′′ + y = t, with initial
conditions y(0) = 1 and y′(0) = 0?

(A) s3+1
s4+s2

(B) s+1
s2+1

(C) s2+1
s3+s

(D) s2+s
s3+1

(E) None of the above.
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