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Q:1 (20 points) Solve the following ordinary differential equation by Fourier series if the forcing
is given by the periodic function

f(t) =

1, 0 < t < π,

0, π < t < 2π,
and f(t) = f(t+ 2π) :

y′′ − 3y′ + 2y = f(t).
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Q:2 (20 points) Find the eigenvalues and eigenfunctions of the following differential equation

d

dx

(
x3y′

)
+ λxy = 0, y(1) = y(eπ) = 0, 1 ≤ x ≤ eπ.
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Q:3 (20 points) Solve the following heat equation

∂u

∂t
− a2

∂2u

∂x2
= e−x, 0 < x < π, 0 < t,

subject to the boundary conditions

u(0, t) = − 1

a2
, ux(π, t) = 0, 0 < t,

and the initial condition

u(x, 0) = − 1

a2
e−x, 0 < x < π.
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Q:4 (20 points) Use direct integration to find the inverse of the Fourier transform

F (ω) =

√
π

a
exp

(
−ω2

4a

)
.
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Q:5 (20 points) Use the function f(t) = e−at sin(bt)H(t) with a > 0 and Parseval’s equality to
show that

2

∫ ∞

0

dx

(x2 + a2 − b2)2 + 4a2b2
=

∫ ∞

−∞

dx

(x2 + a2 − b2)2 + 4a2b2
=

π

2a(a2 + b2)
.
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Q:6 (20 points) Verify the Fourier convolution theorem of the functions

f(t) = H(t+ a)−H(t− a) and g(t) = e−tH(t), a > 0.
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Q:7 (20 points) Solve the following integral equation

f(t) = 6t+ 4

∫ t

0

f(x) (x− t)2 dx
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Q:8 (20 points) Use Laplace transform method to solve the wave equation

∂2u

∂t2
− ∂2u

∂x2
= te−x, 0 < x < ∞, 0 < t,

with the boundary conditions

u(0, t) = 1− e−t, lim
x→∞

|u(x, t)| ∼ xn, n finite, 0 < t,

and the initial conditions

u(x, 0) = 0, ut(x, 0) = x, 0 < x < ∞.
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