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MATH531-Final Exam 

Exercise 1 (20 points) 

(a) Let {𝐸𝑘}𝑘=1
∞  be a countable disjoint collection of measurable sets. Prove that for any set 𝐴, 

𝑚∗ (𝐴 ∩⋃ 𝐸𝑘
∞

𝑘=1
) =∑ 𝑚∗(𝐴 ∩ 𝐸𝑘)

∞

𝑘=1
 

(b) Assume 𝐸 has finite measure. Let {𝑓𝑛} be a sequence of measurable functions on 𝐸 that 

converges pointwise a.e. on 𝐸 to 𝑓 and 𝑓 is finite a.e. on 𝐸. Show that {𝑓𝑛} → 𝑓 in measure on 𝐸. 

Exercise 2 (20 Points) 

(a) Let the function 𝑓 be of bounded variation on the closed, bounded interval [𝑎, 𝑏]. Show 

that 𝑓 is differentiable almost everywhere on the open interval (𝑎, 𝑏). 

(b) Let the function 𝑓 be absolutely continuous on [𝑎, 𝑏]. Show that 𝑓 is Lipschitz on [𝑎, 𝑏] if 

and only if there is a 𝑐 > 0 for which |𝑓′| ≤ 𝑐 a.e. on [𝑎, 𝑏]. 

Exercise 3 (15 Points) 

(a) Let 𝑓 have a second derivative at each point in (𝑎, 𝑏). Show that 𝑓 is convex if and only 

if 𝑓′′ is nonnegative. 

(b) Let 𝑓 be integrable over [0,1]. Show that 

exp [∫ 𝑓(𝑥)𝑑𝑥
1

0

] ≤ ∫ exp(𝑓(𝑥)) 𝑑𝑥
1

0

. 

 

Exercise 4 (30 Points) True or False. If the statement is true, prove it. If the statement is 

false, provide a counterexample (with proof). 

(a) Every Cauchy sequence of real numbers is rapidly Cauchy. 

(b) If {𝑓𝑛} is bounded in 𝐿1[0,1], then {𝑓𝑛} uniformly integrable over [0,1]. 

(c) Let 1 < 𝑝 < ∞. If 𝑓, 𝑔 ∈ 𝐿𝑝([0,1]), then |𝑓||𝑔|𝑝−1 is integrable on [0,1]. 

Exercise 5 (20 Points) 

(a) For 𝑓 in 𝐿1[𝑎, 𝑏], define ‖𝑓‖ = ∫ 𝑥2|𝑓(𝑥)|
𝑏

𝑎
. Show that this is a norm in 𝐿1[𝑎, 𝑏]. 

(b) Let {𝑓𝑛} be a sequence of measurable functions that converges pointwise a.e. on 𝐸 to 𝑓. 

Suppose there is a function 𝑔 in 𝐿2(𝐸) such that for all 𝑛, |𝑓𝑛| ≤ 𝑔 a.e. on 𝐸. Show that 

{𝑓𝑛} → 𝑓 in 𝐿2(𝐸). 

Exercise 6 (10 Points) 

Let 𝑣 be a signed measure on the measurable space (𝑋,ℳ). Show that the union of a 

countable collection of positive sets is positive. 

Exercise 7 (25 Points) 

(a) Let 𝑓 and 𝑔 be nonnegative measurable functions on 𝑋 for which 𝑔 ≤ 𝑓 a.e. on 𝑋. Show 

that 𝑓 = 𝑔 a.e. on 𝑋 if and only if ∫ 𝑔𝑑𝜇
𝑋

= ∫ 𝑓𝑑𝜇
𝑋

 

(b) Let (𝑋,ℳ, 𝜇) be a measure space and 𝑓 a nonnegative measurable function on 𝑋 for 

which ∫ 𝑓𝑑𝜇
𝑋

< ∞. Show that 𝑓 is finite a.e. on X and {𝑥 ∈ 𝑋|𝑓(𝑥) > 0} is 𝜎-finite.  


