King Fahd University of Petroleum & Minerals
Department of Mathematics and Statistics
Math 535: Functional Analysis Exam 1, Spring Semester 212

Problem 1: (20 points)
Let V' be a finite-dimensional vector space and let U; and U, be two sub- spaces of V. Show that

one can write

Problem 2:(20 points)
Give an example of a complete metric space and another example for a metric space that is not

complete. Justify your answer.

Problem 3: (30 points)
Let X be a metric space with a dense subset A C X such that every Cauchy sequence in A con-

verges in X . Prove that X is complete.

Problem 4: (30 points)
Let (X, d) be a complete metric space. Let {f, : X — X,n = 1,2,---} be a sequence of
contractions with the same constant £ and let {f : X — X} be a contraction with the same
constant k such that f(x) = lim,_, f(x) forall z € X. If the fixed point of f is z* and the fixed
point of f, is 2} forn = 1,2, -, then show that

¥ = lim x.
n—oo

Good luck
Manal Alotaibi



Problem 1: (20 points)
Let V be a finite-dimensional vector space and let U; and U, be two sub- spaces of V. Show that
one can write
dim (Uy + Us) = dim Uy + dim U, — dim (U; N Us).
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Problem 2:(20 points)

Give an example of a complete metric space and another example for a metric space that is not

complete. Justify your answer.
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Problem 3: (30 points)
Let X be a metric space with a dense subset A C X such that every Cauchy sequence in A con-

verges in X. Prove that X is complete.
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Problem 4: (30 points)
Let (X,d) be a complete metric space. Let {f, : X — X,n = 1,2,---} be a sequence of
contractions with the same constant k£ and let {f : X — X} be a contraction with the same
constant k such that f(z) = lim, . f,(z) forall x € X. If the fixed point of f is 2* and the fixed
point of f,, is 2 forn = 1,2, - - -, then show that
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