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Problem 1 (20 points)

Let f : A → B be an isomorphism between two linear vector spaces A and B. If B is a
Hamel basis for A, show that f (B) is a Hamel basis for B.
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Problem 2 (20 points)

Let C[−1, 1] denote the linear vector space of all real-valued continuous functions on
the interval [−1, 1]. Further let

A = { f ∈ C[−1, 1] : f (−x) = f (x), for all x ∈ [−1, 1]} ,
B = { f ∈ C[−1, 1] : f (−x) = − f (x), for all x ∈ [−1, 1]} .

Show that C[−1, 1] = A ⊕ B.
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Problem 3 (20 points)

Let A be a vector space and let f ∈ A∗ be a non-zero linear functional. Show that the
null-space N ( f ) is a maximal subspace of A.
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Problem 4 (20 points)

Let C be the set of complex numbers. Define d : C2 → R+ as

d(w, z) =
{

|w − z| if arg z = arg w or one of z and w is zero,
|w|+ |z| otherwise

where w, z ∈ C. Show that d is a metric on C.
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Problem 5 (20 points)

Let (X, d) be a metric space such that every closed ball is compact. Show that X is
complete.
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