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Problem 1. (4-4-4-4 points)
Let V =R3, S = {ey, 9, €3} its standard basis, B = {(0,1,1),(1,0,1),(1,0,0)} and

T be the linear operator on V such that the matrix representing 7" in the basis B

1 0 -1
is: [0 1 1
1 -1 0

(1) Find the matrix [T]s representing 7" in the standard basis S.

(2) Find explicitely the dual basis B* of B.

(3) Let f, g, h be linear functionals in V* defined by f (z,y,2) =z +vy, g(z,y,2) =
_|_

)
(4) Find the basis of V for which {f, g, h} is the dual.

zand h(x,y,z) =2+ .

Problem 2. (4-4-4-4 points) [Section 3.6, Exercises 1, page 111]

Let V be an n-dimensional vector space over a field ', V* its dual space, 0 C W C V
a subspace of V and W the annihilator of W.

(1) Prove that dim(V) = dim(W) + dim(W?).

Assume that V = F", n > 1 as a vector space over the field F and W the subspace
of V given by W = {(xy,...,2,) € V]z1 + -+ + 2z, = 0}.

(2) Find dim(W) and dim(W?).

(3) Prove that W° = {f € V*|f(z1,...,2,) = cjzza:j} (¢ is a constant).

(4) Prove that W* = {f € V*|f(z1,...,2,) = clzfcit- -4cpxy, and ¢+ - -+¢, = 0}.
Problem 3. (5-4-4-3 points)

Let V' be an m-dimensional vector space over F' (dimV = m) and T a linear operator
with m distinct characteristic values ¢; = 1,¢a,..., ¢, such that |¢;| < 1 for j =
2,...m.

(1) Prove that for every vector u € V, nh_}rr; T"(u) exists.

We define a linear operator H on V' by H(u) = nhj& T"(u).

(2) Prove that Nullspace(H) is a hypersubspace of V' and find a basis B; for it.
(3) Find Range(H) and a basis By for it.

(4) Find the matrix representing H in the basis B = By U Bs.

Problem 4. (6-6-4-4) [Sections 6.2& 6.3, Exercises 14, page 190 & Exercises 9, 10
and 11, page 198|

Let V' = M,,(F) the vector space of all n x n matrices with coeflicients in the field
F, A a fixed matrix in V' and T4 the linear operator on V' defined by T4(B) = AB



for every B € V. Assume that the characterestic polynomial of A is
fa(z) = (x — )b ... (2 — ).

(1) Prove that trace(A) = c1dy + - - - + cpdg.

(2) Let W := {B € V|AB = BA}. Prove that dim(W) =d3 +--- + d;.
(3) Prove that A and T4 have the same minimal polynomial.

(4)

4) Prove that A, and T4 have the same characterestic polynomial.

Problem 5. (4-4-4) [Section 3.4, Exercise 12, page 96]
Let V' be an n-dimensional vector space over a field F and T a linear operator on V.

(1) Assume that 7! = 0 and T" = 0. Prove that there is a basis B of V such that

O 0 ... 00
1 0 ... 00
T]5 = 0o 1 ... 00
O ... 0 10

(2) Find the characterestic and the minimal polynomial of T. Is T digonalizable?
Justify.
(3) Assune now that F = C and T™ = I. Prove that T is diagonalizable.



