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Remark: Solve 6 questions including Q7. Show full details.

Q1. (16 points) Let {M;};c; be a collection of left R-modules. Show
that

(a) If {A;}ier is such that A; <p M; is an R-submodule for each i € I,
then we have isomorphisms of left R-modules:

(HM) / (HAZ) ~ HMZ-/AZ-.

el il 1€l
<@ MZ) / (@ AZ-) ~ @ M;/As;
i€l el 1€l

(b) For very left R-module X, we have isomorphisms of Abelian groups

Homp(X, H M;) ~ H Homp(X, M;);

iel el
Homp(@P M, X) ~ []Homg(M;, X).
el el

Q2. (16 points)

(a) Show that every left R-module M has a maximal linearly independent
subset, and that a maximal linearly independent subset of M generates an
essential submodule S Jp M (i.e. SN A #0 for every 0 # A <p M).

(b) Every subspace W of a vector space V' we have

dim(W) + dim(V/W) = dim(V').

(¢) Every (finitely generated) left R-module M over a ring R is the
homomorphic image of a (finitely generated) free left R-module F.
(d) R is a division ring if and only if every left (right) R-module is free.

3. (16 points) Show that for a left R-module M :
(a) Soc(Soc(rkM)) = Soc(gM).
b) If f: M — N is R-linear, then f(Soc(zgM)) C Soc(gN).
(c) If K <p M, then Soc(rK) = K N Soc(grM).



(d) If gM is Artinian, then Soc(zrp M) < M (an essential R-submodule).

Q4. (16 points)
(a) Show that for any collection {M;};cr of left R-modules:

SOC(@ M;) = EB Soc(M,

1€l 1€l

(b) Show that for every positive integer n, there exists a unique semisim-
ple Abelian group of order n.

(¢) Find the unique semisimple Abelian group of order 180.

(d) Find SOC(Zlgo).

Q5. (16 points) Let R be a left Artinian ring. Show that:

(a) Jac(R) is nilpotent.

b) R/Jac(R) is semisimple.

¢) R is left Noetherian.

(d) If R has no non-zero right zerodivisors, then R is a division ring.
[H]int: For a € R\{0}, consider the R-linear map p, : RR — grR, r —
ra).

Q6. (16 points) Show that:

(a) Show that a semisimple module is of finite length if and only if it is
finitely generated.

(b) If M is a left R-module and K <p M, then zpM has finite length if
and only if K and M/K have finite length; and in this case

lg(M) = lg(K) + 1g(M/K).

(c¢) Provide four composition series of Zsoy as a Z-module and illustrate
the equation above for Z-submodule K = {0,6,12,18} of M = Zy4.
(d) Show that Soc(zZ4) = Rad(zZ,).

Q7. (20 points) Prove or disprove (R is an associative ring):

(a) Every simple ring is a division ring.

b) For every finitely generated non-zero left R-module M and every left
ideal I C Jac(R), we have IM # M.

(¢) Jac(R)Soc(M) = 0 for every left R-module M.

(d) Every Artinian left R-module is Noetherian.
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Definition: Define an R-submodule L < M to be

- superfluous (small), and we write L << M, iff for every K $p M :
the equality K + L = M implies K = M.

- essential (large), and we write L < M, iff for every 0 # K <p M, we
have K N L # 0.

Moreover, set
Ly :={L <p M| gL is essential }; Sy :={L <p M| gL is simple};
Gy :={L <gp M| gL issuperfluous}; My :={L <p M | gL is maximal}.

and

Soc(rM) = (| L=> L= (:=0if Sy =2);

Lely LeSy
Rad(pM) = > L = (] L=(:=Mif My =2).
LeG,y, LeMy,



