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Q1. (5+5+5) Consider the matrix 𝐴 = [
5 3
3 2

]. 

(a) Use quadratic form of 𝐴 and show that 𝐴 is a positive definite matrix. 

(b) Find 𝐿𝐷𝐿∗ factorization of 𝐴. 

(c) Find Cholesky factorization of 𝐴. 

  



3 

 

Q2. (15 points) Consider the matrix,  

𝐴 = [
2 0 0
1 1 2
1 −1 4

] 

(a) (8 points) Find eigenvalues and eigenvectors 𝐴. 

(b) (2 points) Is this a defective or nondefective matrix. 

(c) (2 points) Write Algebraic multiplicity and Geometric multiplicity of each eigenvalue.  

(d) (3 points) Verify Rayleigh Quotient for each eigenvector. 
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Q3. (12+2+2 points) (a) Find SVD and SVF of  𝐴 = [
1 1
1 2

−1 1
].  

(b) Compute ‖𝐴‖𝐹 by two different ways. 

(c) Compute the spectral norm ‖𝐴‖2. 
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Q4. (12 points) Consider the system, 

3𝑥1 − 𝑥2 + 𝑥3 = 1
3𝑥1 + 6𝑥2 + 2𝑥3 = 0
3𝑥1 + 3𝑥2 + 7𝑥3 = 4

 

Find first two iterations of the Gauss-Seidel method with initial guess 𝑥(0) = (0, 0, 0, )𝑇. 
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Q5. (10 points) Let 𝑥 = [
2

−1
2

]. Find the Householder transformations H∈  𝑅3×3 such that,  

𝐻𝑥 = ‖𝑥‖2𝑒1 

Verify your answer. 
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Q6. (10+5 points) Find QR-factorization of 𝐴 = [
1 0

−2 −1
2 2

] using Gram-Scmidt orthogonalization. 

Then solve the system 𝐴𝑥 = 𝑏 using QR-factorization, where 𝑏 = [1, 2, 3]𝑇 . 
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Q7. (10 points) Consider the matrix 𝐴 = [
2 0 0
1 1 2
1 −1 4

], write and draw all the Gershgorin’s circles. 

Write the smallest possible interval that contains all the eigenvalues. Compute eigenvalues of this 

matrix and determine if they lie inside that interval. Can this matrix be singular? 
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Q8. (12 points) Consider the system 𝐴𝑥 = 𝑏,  where  𝐴 = [
4 2
2 3

] ,   𝑏 = [
1
2
]. Using conjugate 

gradient method with 𝑥0 = [
1
1
] to find first two iterations, that is, 𝑥1, 𝑟1, 𝛽1, 𝑝1. 
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Q9. (15 points) Compute 𝑥1, 𝜆1 and 𝑥2, 𝜆2  for 𝐴 = [
2 3
1 4

] and 𝑥0 = [
1
2
] to approximate the largest 

eigenvalue and corresponding eigenvector using the power method. If 𝜆 = 5 is the largest 

eigenvalue of 𝐴, compute the absolute error 𝜖 and error bound 𝛿 for 𝑞 = 𝜆2 using 𝑥2. 
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Formula Sheet for Math557 Final Exam  

1. LU factorization form 

[
 
 
 
 
𝑑1 𝑐1    
𝑎1 𝑑2 𝑐2   
 ⋱ ⋱ ⋱  
  𝑎𝑛−2 𝑑𝑛−1 𝑐𝑛−1

   𝑎𝑛−1 𝑑𝑛 ]
 
 
 
 

=

[
 
 
 
 
1     
𝑙1 1    
 ⋱ ⋱ ⋱  
  𝑙𝑛−2 1  
   𝑙𝑛−1 1]

 
 
 
 

[
 
 
 
 
𝑢1 𝑐1    
 𝑢2 𝑐2   
 ⋱ ⋱ ⋱  
   𝑢𝑛−1 𝑐𝑛−1

    𝑢𝑛 ]
 
 
 
 

 

𝑢1 = 𝑑1, 𝑙𝑘 =
𝑎𝑘

𝑢𝑘
, 𝑢𝑘+1 = 𝑑𝑘+1 − 𝑙𝑘𝑐𝑘, 𝑘 = 1, 2, … , 𝑛 − 1. 

2. The LDL* factorization of Hermitian 𝑨  

𝐴 = [𝑎 𝑏̅
𝑏 𝑑

] = [
1 0
𝑙1 1

] [
𝑑1 0
0 𝑑2

] [1 𝑙1̅
0 1

] 

𝑑1 = 𝑎, 𝑎𝑙1 = 𝑏   𝑜𝑟  𝑙1 =
𝑏

𝑎
, 𝑑2 = 𝑑 − 𝑎|𝑙1|

2. 

3. The Cholesky factorization (LL* factorization) 

 

𝐴 = [
𝑎 𝑏
𝑏 𝑐

] = [
𝑑1 0
𝑙1 𝑑2

] [
𝑑1 𝑙1
0 𝑑2

] 

𝑑1 = √𝑎,      𝑑1𝑙1 = 𝑏  ⟹  𝑙1 =
𝑏

√𝑎
,    𝑙1

2 + 𝑑2
2 = 𝑐    ⟹  𝑑2 = √𝑐 − 𝑙1

2 

4. Quadratic form and Raleigh quotient 𝑨 ∈ ℂ𝒏×𝒏 

𝑄(𝑥) = 𝑥∗𝐴𝑥,        𝑅(𝑥) =
𝑥∗𝐴𝑥

𝑥∗𝑥
, 𝐴 ∈ ℂ𝑛×𝑛, 𝑥 ∈ ℝ𝑛    

 
5. Iterative Methods 

𝑥𝑖
(𝑘)

=
1

𝑎𝑖𝑖
 (−∑𝑎𝑖𝑗𝑥𝑗

(𝑘−1)

𝑖−1

𝑗=1

− ∑ 𝑎𝑖𝑗𝑥𝑗
(𝑘−1)

𝑛

𝑗=𝑖+1

+ 𝑏𝑖) ,   𝑘 =  1, 2, 3,⋯. 

𝑥𝑖
(𝑘)

=
1

𝑎𝑖𝑖
 (−∑𝑎𝑖𝑗𝑥𝑗

(𝑘)

𝑖−1

𝑗=1

− ∑ 𝑎𝑖𝑗𝑥𝑗
(𝑘−1)

𝑛

𝑗=𝑖+1

+ 𝑏𝑖) ,   𝑘 = 1, 2, 3,⋯.                    

𝑥𝑖
(𝑘)

=
𝜔

𝑎𝑖𝑖
 (−∑𝑎𝑖𝑗𝑥𝑗

(𝑘)

𝑖−1

𝑗=1

− ∑ 𝑎𝑖𝑗𝑥𝑗
(𝑘−1)

𝑛

𝑗=𝑖+1

+ 𝑏𝑖) + (1 − 𝜔)𝑥𝑖
(𝑘−1)

, 0 < 𝜔 < 2. 

6. Matrix form of Iterative Methods 

𝑋(𝑘) = 𝐷−1(𝐿 + 𝑈)𝑋(𝑘−1) + 𝐷−1𝑏,    𝑘 = 1, 2,⋯ 

𝑋(𝑘) = (𝐷 − 𝐿)−1𝑈𝑋(𝑘−1) + (𝐷 − 𝐿)−1𝑏,    𝑘 = 1, 2,⋯ 
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7. Spectral Norm 

‖𝐴‖2 = 𝜎1     and  ‖𝐴−1‖2 =
1

𝜎𝑛
. 

‖𝐴‖2 = 𝜆1     and  ‖𝐴−1‖2 =
1

𝜆𝑛
, if 𝐴 is positive definite. 

‖𝐴‖2 = |𝜆1|   and  ‖𝐴−1‖2 =
1

|𝜆𝑛|
, if 𝐴 is normal. 

8. Steepest Descent and Conjugate Gradient Algorithms 

Chooes 𝑥0 
𝑟0 = 𝑏 − 𝐴𝑥0 

For 𝑘 = 0, 1, … 

𝑝𝑘 = 𝑟𝑘 

𝑡𝑘 = 𝐴𝑝𝑘 

𝛼𝑘 =
𝑝𝑘

𝑇𝑟𝑘

𝑝𝑘
𝑇𝑡𝑘

 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑝𝑘 , 
𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘𝑡𝑘 

 

Given initial guess 𝑥0 

𝑝0 = 𝑟0 = 𝑏 − 𝐴𝑥0 

For 𝑘 = 0,1 , 2,… 

𝑡𝑘 = 𝐴𝑝𝑘 

𝛼𝑘 =
𝑟𝑘

𝑇𝑟𝑘

𝑝𝑘
𝑇𝑡𝑘

 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑝𝑘 , 
𝑟𝑘+1 = 𝑟𝑘 − 𝛼𝑘𝑡𝑘 

𝛽𝑘 =
𝑟𝑘+1

𝑇 𝑟𝑘+1

𝑟𝑘
𝑇𝑟𝑘

,  𝑝𝑘+1 = 𝑟𝑘+1 + 𝛽𝑘𝑝𝑘 

9. Power and Inverse Power Algorithms 

Given 𝐴, and maximum number of iterations 

kmax 

Given 𝑥0 ≠ 0,   𝑇𝑜𝑙 
For 𝑘 = 0 ∶  kmax 

 𝑧𝑘+1 = 𝐴𝑥𝑘   

 𝑥𝑘+1 =
𝑧𝑘+1

‖𝑧𝑘+1‖
   

𝜆 = (𝑥𝑘+1)
𝑇
 𝐴 𝑥𝑘+1  

if ‖𝐴𝑥𝑘+1 − 𝜆𝑥𝑘+1‖ < 𝑇𝑜𝑙, stop 

End 

𝜖 = 𝜆 − 𝑞, 𝛿 = √
(𝑥2)𝑇𝐴𝑇𝐴𝑥2

(𝑥2)𝑇𝑥2 − 𝑞2 

Given 𝐴, and maximum numer of iterations 

kmax 

Given 𝑥0 ≠ 0, 𝑇𝑜𝑙 
For 𝑘 = 0 ∶  kmax 

Solve 𝐴 𝑧𝑘+1 = 𝑥𝑘     

𝑥𝑘+1 =
𝑧𝑘+1

‖𝑧𝑘+1‖
   

𝜇 = (𝑧𝑘+1)
𝑇
𝐴𝑧𝑘+1 = (𝑧𝑘+1)

𝑇
𝑥𝑘 

𝜆 =
1

𝜇
 

if ‖𝐴𝑥𝑘+1 − 𝜆𝑥𝑘+1‖ < 𝑇𝑜𝑙, stop 

End 

 

10. Gram-Schmidt Orthogonalization and QR-Factorization: Given 𝐴 = [𝑎1, 𝑎2, 𝑎3, ⋯ , 𝑎𝑛] 

𝑣1 ≔ 𝑎1, 𝑣𝑗 ≔ 𝑎𝑗 − ∑
〈𝑎𝑗, 𝑣𝑖〉

〈𝑣𝑖, 𝑣𝑖〉

𝑗−1

𝑖=1

  𝑣𝑖, 𝑗 = 2,… , 𝑛.  

𝑄:= [𝑞1, 𝑞2,⋯ , 𝑞𝑛] where 𝑞𝑗: =
𝑣𝑗

‖𝑣𝑗‖2

,   𝑗 = 1, 2,⋯ , 𝑛 

𝑅 =

[
 
 
 
 
 
 
‖𝑣1‖2 𝑎2

𝑇𝑞1 𝑎3
𝑇𝑞1 ⋯ 𝑎𝑛−1

𝑇 𝑞1 𝑎𝑛
𝑇𝑞1

0 ‖𝑣2‖2 𝑎3
𝑇𝑞2 ⋯ 𝑎𝑛−1

𝑇 𝑞2 𝑎𝑛
𝑇𝑞2

0 0 ‖𝑣3‖2 ⋯ 𝑎𝑛−1
𝑇 𝑞3 𝑎𝑛

𝑇𝑞3

⋮ ⋮ ⋱ ⋱ ⋮ ⋮
0 0 0 ⋱ ‖𝑣𝑛−1‖2 𝑎𝑛

𝑇𝑞𝑛−1

0 0 0 0 0 ‖𝑣𝑛‖2 ]
 
 
 
 
 
 

,   𝐴 = 𝑄𝑅 

11. Householder Transformation: Given 𝑥, find 𝐻 

𝑣 = 𝑥 ∓ ‖𝑥‖2𝑒1, 𝑢 =
𝑣

‖𝑣‖2
, 𝐻 = 𝐼 − 2𝑢 ⋅ 𝑢𝑇 
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