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(a) Use quadratic form of A and show that A is a positive definite matrix.

(b) Find LDL* factorization of A.

Q1. (5+5+5) Consider the matrix A = [

(c) Find Cholesky factorization of A.



Q2. (15 points) Consider the matrix,

2 0 0
A=1 1 2
1 -1 4

(@) (8 points) Find eigenvalues and eigenvectors A.
(b) (2 points) Is this a defective or nondefective matrix.
(c) (2 points) Write Algebraic multiplicity and Geometric multiplicity of each eigenvalue.

(d) (3 points) Verify Rayleigh Quotient for each eigenvector.



1 1
Q3. (12+2+2 points) (a) Find SVDand SVFof A= 1 2]
-1 1

(b) Compute ||A|| by two different ways.

(c) Compute the spectral norm ||A]|,.



Q4. (12 points) Consider the system,

3x1 _xZ +X3 == 1
3x1 + 6x2 + Z.X3 = 0
3x1 + 3x2 + 7.X3 = 4

Find first two iterations of the Gauss-Seidel method with initial guess x(® = (0, 0, 0,)".
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Q5. (10 points) Let x = [—1]. Find the Householder transformations He R3*3 such that,
2
Hx = |[|x]|,e;

Verify your answer.



1 0
-2 —1] using Gram-Scmidt orthogonalization.
2 2

Then solve the system Ax = b using QR-factorization, where b = [1, 2, 3].

Q6. (10+5 points) Find QR-factorization of A =
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2 0 0
Q7. (10 points) Consider the matrix A = |1 1 2], write and draw all the Gershgorin’s circles.
1 -1 4

Write the smallest possible interval that contains all the eigenvalues. Compute eigenvalues of this

matrix and determine if they lie inside that interval. Can this matrix be singular?



Q8. (12 points) Consider the system Ax = b, where A = [LZL g] b = B] Using conjugate

gradient method with x° = [ﬂ to find first two iterations, that is, x, 4, B, p;.
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Q9. (15 points) Compute x*, A and x2, 4% for A = E z] and x° = 1] to approximate the largest

eigenvalue and corresponding eigenvector using the power method. If A = 5 is the largest
eigenvalue of A, compute the absolute error e and error bound & for ¢ = A2 using x2.



11

Formula Sheet for Math557 Final Exam
1. LU factorization form

dl C1 1 Uuq Cq1
a; d; ¢ L, 1 U, ¢,
An—2 dn—l Cn-1 ln—z 1 Un-1 Cn—1
an-1 dn ln—l 1 Un
Ax
u, = dl' lk = u_, Uk+1 = dk+1 — lkck, k= 1, 2, e, = 1.
k

2. The LDL* factorization of Hermitian 4

o P e I e | P
b d L 1[0 dallo 1

d, =a, aly=b or l,=—, dy,=d-—all]*

SIS

3. The Cholesky factorization (LL* factorization)

_[a b]_Jd1 O0][dy L
a=[y o= L dZHO dz]

b ,
d1=\/a, dlllzb = 11:?, l%-l-d%:C - d2: C_l%
a

4. Quadratic form and Raleigh quotient 4 € C™"

x*Ax

Q(x) =x"Ax,  R()=——r,

Theorem 4.3 (Necessary Conditions for Positive (Semi)Definiteness) If A €
C"*™ is positive (semi)definite then for all i, j withi # j

A e CV1, x € R"

1. aji >0, (a;; =0),

2. |Re (ajj)| < (aii +ajj)/2, (IRe (aij)| = (aii +aj;)/2),
3. |aij| < Janaz;, (laij| < Ja@ia;;),
4

. f A is positive semidefinite and a;; = 0 for some i then a;; = aj; = 0 for
j=1,....n.
5. Iterative Methods

1 i—-1 n

xi(k) = a— — al-jxj(k_l) — Z aijxj(k_l) + bi B k= 1, 2,3,"'
v\ =t j=i+1
1 i—-1 n

xi(k) = a— — ai]-xj(k) — Z ai]-xj(k_l) + bi , k= 1, 2,3,"'.
AN j=i+1

i-1 n
w —_ -
xl.(k) =— —Z ai]-xj(k) - Z al-jxj(k Rt b; |+(1 - a))xi(k Do<w<2
n j=1 j=i+1

6. Matrix form of Iterative Methods
xR — D‘l(L + U)X(k—l) + D‘lb, k=12,
X(k) — (D _ L)—lUX(k—l) + (D _ L)_lb, k=12,



7. Spectral Norm

-1 1
lAllz =01 and [|[A7l; = —.
O-Tl

-1 1
Al =2, and [|A77]l; = -,
n

if A is positive definite.

if 4 is normal.

Given initial guess x°
po = ro - b - Axo

Fork=0,1,2,..
ty = Apk
T
Tk Tk
Ay =——
Ditk

k

141 = ] and 14741, =,
n
8. Steepest Descent and Conjugate Gradient Algorithms
Chooes x°
7o = b — Ax°
Fork=0,1,..
Pk =Tk
t = Apy
T

o, = P

Prti

xktl = x* + a,py,
Tht1 = Tk — Agly

x**1 = xk + a,py,
Trt1 = Tk — Al

T

_ Tk+1Tk+1 _

B = =1 Pr+1 = Tkeer T BrPr
kTk

9. Power and Inverse Power Algorithms

Given 4, and maximum number of iterations
kmax

Givenx® # 0, Tol

For k = 0 : kmax

Zk+1 — Axk
k+1
xk+1 — z
[Eaand

1= (xk+1)T A xk+1

if ||Axk+1 — Axk“” < Tol, stop

End

(XZ)TATAXZ 2
(x2)Tx2

e=1—q,0 =

Given A4, and maximum numer of iterations
kmax

Given x° # 0, Tol

For k = 0 : kmax

Solve A zk*1 = xk
k+1

xR+l — z
[lz*+2
u= (Zk+1)TAZk+1 _ (Zk+1)Txk
A=t
U
if ||Axk+1 — lxk“” < Tol, stop
End

10. Gram-Schmidt Orthogonalization and QR-Factorization: Given A = [a4, a,,as, -, ay]

j_

1

vi=a v =a; — {a;, vi) v; j=2,..,n
Vi .
Q:=1[q1, 92, , qn] Where g;: = W j=12-n
2
llvill,  afqr  afqy ah_1q1 ahqy ]
0 lv2 1, ang arTl—1CIZ agCIZ
rR=| 0 0 sl an-1q3  ands | 4= QR
0 0 0 “ Nlvp-all,  ahgn-s
0 0 0 0 0 lval,
11. Householder Transformation: Given x, find H
_ v
v=x+ |lxl|lyey, u=--—"-, H=1-2u-u"
v,
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