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Problem 1 (10 points)

Let
1 0 -1
A= 0 1 -1
-1 -1 2
Find
(a) rank(A) = dim(R(A)) (rank of A)
(b) null(A) = dim(N(A)) (nullity of A)
Solution:

1 0 -1]), . [1 0-1], [10 -1
A= 0 1 -1 |80 1 12801 41
1 -1 2 0 -1 1 00 0
Sorank(A) =2and null(A) =3—-2=1.
VAV AV VAV VYAV VAV AV VAV VW eV AV VAV oV VY eV eV VeV VAV W VAV AV VAV AV VAV VA VAVAVA VAV |
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Problem 2 (10 points)

Consider the matrices

w16 87] e[

1 2
2 3

a nonsingular 2 x 2 matrix. Compute CTM~1.

where A = { }, O is the 2 x 2 zero matrix, I is the 2 x 2 identity matrix and B is

Solution:

A ABI1 O] i [1 ABA™ O | -argri [I 0,471 —A
OB 'O 1 oI 'O B! OI1'0 B!
Therefore .
1| AT —A
M [o B!
and we have
_ -3 2 -1 -2
T 1 _ -1 _ —
R Ry
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Problem 3 (20 points)

Use LU factorization to solve the following system

2
Tx =

N W W

where T = tridiag,(1,2,1) and x = (x1,x2, x3,x4) € R*.

Solution:
[2 1 00 21 00 21 0 0
T _ 12 10| -3R+R |0 3/2 10 *%R_ztl% 0 3/2 1 0 | —3R3+R4
o 0121 01 21 00 4/3 1
0012 00 1 2 00 1 2
(2 1 0 0
0 3/2 1 0
00 4/3 1
1 00 0 5/4
So
1 0 0 0 21 0 0
[ 1/2 1 0 0 U — 0 3/2 1 0
10 2/3 1 01’ 100 4/3 1
0 0 4/3 1 00 0 5/4
and
2
3
LUx=b= 3
2

Let y = Ux, then Ly = b and by forward substitution, we obtain

2
2
Y= 5/3

3/4

Finally, we solve Ux = y by backward substitution

3/5
4/5
4/5
3/5

A A A A A A A 22270727070 % % %% % Y e e R AR R A A A A AV VAVAVAVAV VeVl |
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Problem 4 (20 points)

Consider the following matrix

A=

|
— = N
S W o
_— N O

|

Using Gaussian elimination, find the following if possible; if not, state the reason why.
(a) LU factorization of A (thatis L1U factorization).
(b) LU1 factorization of A.
(c) LDU factorization of A.

(d) LDL* factorization of A.

Solution:
200 %ﬁwﬁz 2 00
—1 32| 25° 1032
1 01 0 01
So
1 00 200
L=|-1/2 1 0|, U=1]0 3 2
1/2 0 1 0 01
So
1 00 200
@ A=LU=|-1/2 1 0 0 3 2
1/2 0 1 0 01
200 10 0
(b) A=LUl1=| -1 3 0 01 2/3
1 01 00 1
1 00 200 10 0
(¢ A=LDU=| —-1/2 1 0 0 30 01 2/3
1/2 0 1 0 01 00 1

(d) LDL* not possible; since A is not symmetric.

A A A A A A A A% %% % % Y e e e e e R A A A AV VAV VAV VeVl |
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Problem 5 (10 points)

Find Cholesky factorization of the matrix

4 2 -2
2 2 1
-2 1 21

Solution:
A=
—3R1+ Ry
42 =21 dpig [42 2] L [42 2
2 2 1 — o1 2 — o1 2
-2 1 21 0 2 20 0 0 16
So, we have
1 00 4 0 O 1 1/2 —-1/2 200 21 -1
A=LDU = 1/2 1 0 01 O 0 1 2 | = 110 01 2
1/221][0016][0 0 1} [124][00 4

A A A A A A A% %% % Y % Y e e R AR R A A A AV VAV AV VAV VeVl |
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Problem 6 (10 points)

Find a suitable Housedholder transformation H and a scalar « such that

Hx = neq
4 1
1 0
where x = | 5 and e; = 0
2 0
Solution:

Let (x1,x2,x3,%4) = x = (4,1,—2,2) and define p = 2, = 7 = 1. Then

B

n = —plla = =/ +11+(-22+2 = —V25 = 5.

Now let z = (z1,22,23,24) = px/||x|| = £(4,1,—2,2). Finally define

zZ+ e 1 \/5
u—= = 1+4/5,1/5,-2/5,2/5) = —(9,1, —2,2).
V1+ 2z \/1+4/5( ) 15( )
and
1 0 0 ?
_ * __ 1
H=1I1-uw=[010]|—-z; s [91—22}
0 01
L 2
100" 81 9 —-18 18 —-4/5 —-1/5 2/5 =2/5
B 01 0 1 9 1 -2 2| | —-1/5 44/45 2/45 -2/45
o 00 1 4 -18 -2 4 —4 2/5 2/45 41/45 4/45
. 18 2 -4 4 —-2/5 —=2/45 4/45 41/45
Note
-5
0
Hx = 0 | = e
0
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