
Math559: Numerical Linear Algebra
Midterm Exam

28th October 2024 at 7:00pm1

aDuration 120 minutes

NAME:

KFUPM ID:

Question 1 (8 points)

a. For the given matrix

A =

 2 2

1 3

 ,

find X and Λ such that the diagonalization of A = XΛX−1.

b. Show that if Ax = λx and Ay = Λy, then A(x+ y) = λ(x+ y).

c. Illustrate the statement in (b) on the two eigenvalues of A.
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Question 2 (5 points)

Given the matrix:

A =

 3 1

1 3

 ,

find the inverse of M = A− uvt, where ut = (1 1) and vt = (2 1).

N.B.: You have to use the SMW formula seen in class.
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Question 3 (5 points)

Consider the matrix

A =

 4 1

1 5

 .

a. Starting with an initial U t
0 = (1, 1), detail the first full iterations that

would solve:

minimize ∥A− UV ∥2F , with U, V ≥ 0.

b. What is the rank-one matrix A1 approximating A reached?
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Question 4 (10 points)

a. Find the pseudo-inverse matrix A+ for the given matrix:

A =

 6 4

3 2

 .

b. For bt = (4 2), show that x+ = A+b is the least squares solution to

Ax = b.
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Question 5 (5 points)

If two matrices A and B are factorized using GSVD where

Ua =

 1 1

1 −1

 , Ub =

 √
2 −1

1
√
2

 , Σa =

 1√
3

0

0
√
2√
3

 , Σb =

 √
2√
3

0

0 1√
3

 ,

and Z =

 −1 0 1

0 2 1

 ,

then
√
3(A+B) =?
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Question 6 (7 points)

Consider the matrix A such that:

A =

 −1 3

1 2

 .

a. Perform manually the Gram-Schmidt factorization A = QR.

b. Verify that your solution satisfies the mathematical conditions:

AtA = RtR and A−1 = R−1Qt.
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