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Subscripts: 𝐷𝑎+ = 𝐷𝑥𝑎 , 𝐷𝑏− = 𝐷𝑏𝑥  

1) Let 𝑓 ∈ 𝐶1[0, 5].  Find 𝐷1+
1.7𝐺𝐿 𝑓|

𝑥=3
 if 

𝑓(1) = −1, 𝑓′(1) = 7, 𝐷1+
1.7𝐶 𝑓|𝑥=3 = 4. 

2) Use fractional integration by parts formula to evaluate the integral 

∫ 𝑥−1/2  [ 𝐼1−
1/2

𝑥1/2 ]  𝑑𝑥
1

0

. 

 

3) Provide the most general appropriate initial conditions for the equation 

𝐷1+
5/2𝑅𝐿 𝑦 − 𝑒𝑥𝑦 = sin 𝑥. 

 

4) Given 0 < 𝛼 < 1 and 𝜇 > 0, use series expansion definitions to determine the scalars 

(𝑏, 𝑐) and the function 𝑔(𝑡) such that  

𝐷0+
𝛼𝐶

𝐸𝜇(𝜆𝑡𝜇) = 𝑡−𝛼𝐸𝑏,𝑐(𝜆𝑡𝜇) + 𝑔(𝑡), 𝑡 > 0. 

 

5) Let 𝑦(𝑥) = 𝑥2 on [0, 3] and zero otherwise.  Find  

𝑑5/4𝑦

𝑑|𝑥|5/4
|

𝑥=2

. 

 

6) Derive the VIE satisfied by the solution 𝑦 ∈ 𝐶2[0,4] of the Cauchy problem 

𝐷0+
7/5𝑐 𝑦 + 4 𝐷0+

3/5𝑐 𝑦 = 0, 𝑦(0) = 2, 𝑦′(0) = 1. 
 

7) True or false.  Justify you answer. 

a) 𝑓(𝑥) = sin 𝑥      ⟹      𝐷3[ 𝐷0+
1/2𝑅𝐿 𝑓] = 𝐷0+

7/2𝑅𝐿 𝑓. 

b) 𝑓(𝑥) =
cos 𝑥

√𝑥
      ⟹      𝑓 ∈ 𝐶1/3[0, 𝜋]. 

c) 𝑓 ∈ 𝐿1(0,1)        ⟹      (𝐼0+
𝛼 𝑓)(0) = 0     for all  𝛼 > 1.  

_________________________________________________________________________ 
 

Formula 

𝐼0+
𝛼 𝐷0+

𝛼 𝑓(𝑡) = 𝑓(𝑡) − ∑
𝐷0+

𝛼−𝑘𝑓(0)

Γ(𝛼 − 𝑘 + 1)
 𝑡𝛼−𝑘

𝑛

𝑘=1

, 𝐷𝑎+
𝛼

 
𝑐 𝑓 ≔ 𝐷𝑎+

𝛼 [𝑓 − ∑
𝑓(𝑘)(𝑎)

𝑘!
 (𝑥 − 𝑎)𝑘

𝑛−1

𝑘=0

 ],  

𝑑𝛼𝑦

𝑑|𝑥|𝛼
=

1

2 cos
𝛼𝜋
2

 [𝐷𝑎+
𝛼 𝑦 + 𝐷𝑏−

𝛼 𝑦], ∫ 𝜙(𝑥) 𝐼𝑎+
𝛼 𝜓(𝑥) 𝑑𝑥

𝑏

𝑎

= ∫ 𝜓(𝑥) 𝐼𝑏−
𝛼 𝜙(𝑥) 𝑑𝑥

𝑏

𝑎

,   

𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

Γ(𝛼𝑘 + 𝛽)

∞

𝑘=0

 . 
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Q 1 2 3 4 5 6 7 Total 

Max 7 7 7 7 7 7 9 51 

Points 
 
 

       

 


