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Problem 1:
1.)(10pts) Solve the 2D Cauchy problem

Ut = Ugy + uyya <x7y) € R2> t> O, (1>
u(z,y,0) =wzy, (z,y) € R’ (2)
u(z,y,0)=0, (z,y) € R (3)

2.)(10pts) the 3D Cauchy problem

Upt = Uy + Uyy + Uz, (2,9, 2) € R3, ¢t >0, (4)
u(zx,y, z,0) =0, (x,y,2) € R3, (5)
w(x,y, 2,0) = 22, (x,y,2) € R3. (6)

Justify your answers clearly.

Solution:

1.) The Kirchoft’s formula gives u(z,y,t) = 5 (5 [[5, éndoy), where S, is the sphere of

center (z,y,0) ad radius t. First, we have do; = T 2';2 — d&dn. Setting & —x = rcosf
—(§—z)?—(n-y

and n —y =rsinf, r € [0,t] and 0 € [0, 27|, we get that
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:f% [cos 26]2™ =0

= xyt.
Thus, u(z,y,t) = zy

2.) The Kirchoff’s formula gives u(z,y,t) = 2= [/, s, ¢%do,, where S, is the sphere of center

(z,y,2) ad radius t. Using spherical coordinates £ — x = tsinfcosp, n —y = tsinfsinp,

and ¢ — z = tcosf, we have that do, = t?sin 0dfdy. It follows that
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Problem 2:
1.)(6pts) Consider a continuous solution u of the heat IBVP

Up = Upp, —1<ax<1, t>0
u(z,0) = f(z), —-1<z<1, (7)
U’(_lvt) = g(t) - h(t>7 u(17t) = _g(t)v t>0,

on the rectangular domain R = [—1,1] x [0, 1].
Explain clearly why the following assertion is true:
@) <&, lg)] < =, |h(b)] < &, for (2,t) € R = |u(z, )] < 2, for (z,t) € R.

2.)(14pts) What is the maximum value of the continuous solution v(z,t) to the IBVP

Vp = Vg, 0<2x<2, t>0
T

1 t
v(0,t) = ge_t, v(2,t) = o 12 0.

on the rectangular domain R = [0,2] x [0, 1]?

Solution:
1.) We consider the lines: (L1): z = —1; (L2): « = 1; (L3): t = 0. We apply the weak
maximum principle to v. Its says that v achieves its maximum value either on (L1), (L2) or
(L3). On (L1) we have
v(x,t) < max |g(t) — h(t)] < 2e,

te[0,1]
as lg(t) — h(®)] < lg(t)] + h(H)] < 2= On (L2) we have v(z,t) < maxicoy | — g()] < <, as
| —g(t)| = |9(t)] <e. On (L3) we have v(z,t) < max,e;—11] |f(2)] <€, as |f(x)| < e. Hence,
v(x,t) < 2e. We also apply the weak maximum principle to —v(z,t), to get —v(z,t) < 2e.
It follows that |v(z,t)| < 2e, for (x,t) € R.

2.) We consider the lines: (L1): = = 0; (L2): z = 2; (L3): ¢t = 0. We apply the weak
maximum principle to v. Its says that v achieves its maximum value either on (L1), (L2)
r (L3). On (Ll) we have v(z1, 1) maxepqj(se7?) = 1. On (L2) we have 'U(I’Q,tg) =
maxycpo1](g) = 5. On (L3) we have v(213,t3) = max,cp g GiE = 5 as fl(z) = & H)g and

(5 =
f(1)==11is the maximum value. Hence, max, »eg v(z,t) = 1.



Problem 3:
1.)(10pts) Consider the boundary value problem

y" 4+ Ay =0,
y(0) —y(1) =0
y'(0) —y'(1) = 0.

Find values of A and corresponding function y(x) that are solutions to BVP.
2.) Consider the non-homogeneous BVP

-y +3y = f(x),
y'(0) = y/(7) = 0.

a.)(6pts) Find the A,, € R such that y(z) = >~ A, cos(nx) is solution to the BVP.
b.)(4pts) Compute the values of A, for f(z) =1+ z.

Solution:

The auxiliary equation is m? + A = 0. Assume A = —a?, a > 0. Thus, m? — o? = 0, and
we deduce the solution y(x) = ¢; cosh(ax) + cosinh(ax). The boundary conditions imply
that ¢; = ¢; cosh a + ¢y sinh a and coar = ciasinh o + coa cosh «, that is, ¢; = ¢ = 0. Now,
assume that A = 0. This implies that y = ¢y + ¢, and the boundary conditions imply that
o = €1 + ¢o, that is, ¢; = 0. We get for the eigenvalue Ay = 0, the corresponding eigen-
function yo(x) = 1. Lastly, we assume Assume A = o?, « > 0. Thus, m? + o? = 0, and we
deduce the solution y(x) = ¢ cos(ax) + cosin(ax). The boundary conditions imply that
c1 = cpcosa + cpsina and coor = —crasina + e cos o, that is, sina = 0 & cosa = 1,
or a = 2mn. We then get the eigenvalues \, = 4(7n)? and corresponding eigenfunctions
Yn(x) = cos(2mnz) and g, (x) = sin(2wnz), for n = 1, 2.

2.) a.)We substitute y into the DE and after noting that (cos nz)” = —n? cos nz, we find
3A0+ Y Au(3+n?) cos(nz) = f(x). (9)
n=1

Thus, 34om + > - A,(3+ nZ)/ cos(nz)de = [ f(x)de. = Ao = 5= [; f(2)dz.
0

= % [sin nz]F=0

Now, we multiply (9) by cos ma (m=1,2,....), integrate between 0 and 7, and we find
(

34, /0 ' cos(ma)dz + Y Ay (3 +n?) /0 cos(na) cos(mx)dxl = /0 ' f(z) cos(maz)dz.

n=1 ~
=0 =Inm
Note that cos(nz) cos(mz) = $[cos(n+m)z+cos(n—m)z] = Ly, =0,ifn #m&=Zifn =
m. We infer that TA,,(3 4 m?) = [ f(x) cos(ma)de = A,, = ﬁ Jo f(z) cos(ma)d.
b.) If f(z) =1+ z, then
I 1 T
Ao=— [ Q+a)de=-(1+2
e A L
nd > T 2(—1)" — 1)
Ap=——"—-—1[ (1 do =" 2 m=12,..
(3+m2)7r/0 (1 + ) cos(mz)dx T m



Problem 4:

1.)(10pts) The normal derivative 9 is equal to Vu.n, where n is the unit outer normal vector
to the unit disk D. Convert gz into polar coordinates for (z,y) € D. You can follow the
following steps:

a.) Let x = rcosf and y = rsinf. If we consider r as a function of 0, r = r(6), then
dy;_d .

n= d"—‘”]. Compute n in terms of r and 6.
(92)2+(54)2

b.) We know that, if u(z,y) = v(r,0), then 2 = 9z 4 gz gff and

v _ Oudx du Oy ou ou ;
% = oa o6 T oy 50" Deduce 5 and gy 1L terms of r, 0 and v.

c.) Use results from parts (a) and (b) to compute 2

2)(10pts) Only explain clearly how to construct a solution u € C*(Q) to the nonhomo-
geneous Neumann problem

Au=0, x €,

ou

— =g, € 012,

on P "
based on the green function, where €2 is a bounded domain of R3 with smooth boundary 952.
Solution:
1.)a.) If 2 = r(0) cos and y = (0 sin 6, then & =1/ cosf —rsinf and % = r'sinf +r cos .
Thus, 1/ (£)2 + (%)2 = /"2 42, n= W[(r sinf + rcos 0)i — (7“ cosf — rsinf)j].
b.)Now, x = rcosf and y = rsinf = * 8” 2. COS «9—1— , sin ¢ and 55 8” = —7"— sin 9—|—7" , cos 0.
We deduce that g" g” cosf) — L gz sin 9 and ‘9“ gf sinf + a” 5 cost.

c.)It follows from part (a) and (b) that

ou (Tsm0+rcosﬁ)( cosf — 29 gin g) — (rcos@—rsm@)( 81n9+13”0089)

_ 90
on (r')2 +r2
8 X
_ To v
(r")2 +r?

2.) First, a sufficient condition for the existence of a solution is [, g(s)ds = 0. Assume now
that this condition is satisfied.
From the representation theorems we have

1 1 duly) o 1
_47r//m[|y—:rl on u(y)anly—frl]day

We also have [[,[—u(y )81}(3;) + v(y) )]day = 0, for any two harmonic functions u,v.
Adding this expression to the previous one, we get that

//ao ( Iy —a TV )](9u( D U(y)%[m + v(y)]) do,

Lastly, we set G(z,y) = 4,r|y p
v(y) = 47r\y o Tcon 0Q, for some ¢ € R. Finally, u(z) = [/, G( (w)doy, v € Q.

| +v(y) and then we choose an harmonic function v that satisfy



Problem 5:

1.) a.)(2pts) Prove that Vf(u) = f'(u)Vu

b.)(4pts) Prove that Af(u) = f'(u)Au+ f"(u)|Vul?.

c.)(6pts) Consider a function u that satisty v = Au = 0 for all z € 99, where 2 is a bounded
domain of R? and 99 its smooth boundary. Find sufficient conditions on f such that there

hold
/uAf(u)dx:/f(u)Audm
Q Q

/AUA2f(u)dx = / Af(u)A*udx
Q Q
2.)(8pts) Consider the DE

and

ff+2y<f()
Assume fo s)ds < t+2, Vt > 0. Deduce an estimate of y(t) for ¢ > 0.
Solution:
L)a) g:(f(w) = (w3, 5 (f(w) = f(w)g; = V() = g (f(w)i+ 5 (f(u))j
= ['(u)Vu.
) ) = BRI = P0G - S05 2l = 8lrwn) -
f¥ u)(52)? + ()%%==>AfW)=fW(NVW2+fT)
0f(u) ,
/QuAf( /Vqu w)dx +/mu o ds
‘_?f—“ [=J < f(0)=
—/Qf(u)Audx——/QVu.Vf(u)dx+ flu )@ds

_ 2 _ OAf(u)
K—/QAUA flu)dx = /QVAU.VAf(u)d:B—l—/aQAu o ds

~ “M = J < f(0) = 0.

:/Af(u)AQde: —/VAu.VAf(u)dx—i—/aQ Af(u)a;‘nuds

2.) We have dy +2y% < f(t)y? or

dy? 2
— + 2= f(t <0
We multiply by the integrating factor efo2=F()ds — ¢2t=5 F()ds 1 find
d
Sl TR 00 <0

Lastly, we integrate from 0 to ¢, and we find
yzeztffg f(s)ds yQ(O) <0,

that is,
() < yQ(O)e*QHfOt f(s)ds < P2(0)e 22 — g 2(0)e 2, Wt > 0.



