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Problem 1: Consider the scalar product

(or9) = / " o@b(@)dz and | = (o, 0.

Consider the functions
en(r) = cos(nx) and e,(z) =cos(mx), n,méeN,

1.)a.)(5pts) Show that (eq,e,,) = 0 and (e, e,) = 0, Vn # m.

b.)(5pts) Compute |eg|? and |e,|?, Vn # 0.

2.)(10pts)Use the functions e,(x) and the spectral properties of the Laplace operator to
deduce from part 1. an orthnormal and complete basis of L?(0,). Justify your answer
clearly.

Hint: You may need the relation cos acos 8 = L[cos(a + 8) + cos(a — B)].

Solution:
1.)a.)e Assume n # 0. We have

=0.
m

(€0, €m) :/ cos mxdr = [
0

. T
sin mx]
0

e Assume m # 0, m # 0 and n # m. We have

s 1 ™
(€ny€m) = / cos nx cos mrdr = 5 / [cos(n —m)x + cos(n + m)z]|dx
0 0

5 =0.

1 [sm(n —m)a _ sin(n + m>x] "

n—m n-—+m 0

leol? :/ e2(x)dx :/ dr =7
0 0

len(2)|* = /07r x)dr = /7T cos®(nx)dr = %/Ow[l + cos(2nz)|dx
>

b.)e We have

e Assume n # 0

ex(
0
1 sin(2nz)]"
= — | + _ —=
2 2n 0

2.) We define the Laplace operator

d2

A= —
dx?

V ={pe H*0,7),¢(0) = ¢'(r) = 0} = L*(0,1).

This operator A : V — L2 (0,1) is self-adjoint, strictly positive with compact inverse. There
exists a complete orthormal basis {wg, wy, tn=12.. of L*(0,1), made of eigenfunctions of A,
that is,

We finally set wq(z) = % and w,(z) = 1/ 2e,(z).



Problem 2: Let  be an open bounded domain of R3 of class C2.
1.)(6pts) Consider the Poisson problem

— Au+2u = f,

1
%bg—o o

What do you know about the existence and uniqueness of a weak solution u of (1)?. What
is the regularity of u f € L?(Q2)?
2.) Consider the Poisson problem

—Au = f7

2
@‘89—0 @)

a.)(3pts) Integrate (2) over © and deduce a necessary condition on f for the existence of a
solution u to (2).

b.)(5pts) What do you know about the existence, uniqueness and the regularity of a weak
solution u of (2) if f € L*(Q).?

3.)(6pts) Consider the Poisson problem

{‘A“:f’ 3)

u|aQ = 0.
What do you know about the existence and uniqueness of a weak solution u of (3)?. What
is the regularity of u f € L?(Q)?

Solution:
1.) For any f € (H'(Q)), there exists a unique weak solution u € H'(Q) to the Poisson
problem (1). If f € L*(2), then u € {p € H*(Q), %4[sq = 0}.

2.)a.) A necessary condition for the existence of a solution is [, f(x)dz = 0. To see this, we
integrate (2) over €2, and we find

—/QAudx :/Qf(x)d:v

=[q Vu,V1dz=0

b.) For any f € (Hl(Q)) there exists a unique weak solution v € H*(Q). If f € L*(Q),
then v € {QO S H2( ), an|6Q = 0}

3.) For any f € H7 (), there exists a unique weak solution u € H{(2) of the Poisson
problem (3). If f € L*(Q), then u € H(Q) N H ().



Problem 3: Let Q be an open bounded domain of R? and consider the following initial and
boundary value problem:

0

8—? —Ap+g(p) = f,

,0|t:0 = Po, (4)
plaa = 0.

We assume that the nonlinear function g € C*(R) satisfies the condition:

9(0) =0, [IVg(p)l < [Apll,  where [[¢]|* = /Q<P2(x)dx‘ (5)

We assume that f € L*(0,T, L*(Q)), for any T > 0.

We admit that, if po € H(2), then Problem (4) has an approximate local solution p,,(t),
Vt € [0,T,,), for some T,,, > 0 [Do not prove the existence of pp,] .

1.(10 pts) Show that p,, € L>=(0,T; H}(2)) N L*(0,T; H*(Q) N Hy (), for any T > 0.
2.(10 pts) Explain how you can pass to the limit m — oo in the term ¢(p,,), given that
Hdg—?HLQ(O,T;L%Q)) < C (uniformly in m)

Solution:
1. We have

Opm

W_Apm+ng(pm):me' (6)
We multiply (6) by —Ap,,, integrate over €2 and we deduce
1d 9 0 Opm /
—— m App|I? m)-V Pmdr — m)———dr =— | P, fAp,dr=0.
s+ 180nl+ [ Foton): Tone = [ gton) 5o == [ Ptz =0

=0, since g(0)=0

(7)
1
ILVQ(pm)-medx\ < Vg1V ol < 120 l[INV ol < Z 1A + Vo

1
I/QmeApmdl'l < Aol < S 1Apml* + 111

We deduce from (7) that

d
ZNVoull® + 180" < 2Vl + 2] £II* (8)
We can derive from that, if ||pg]] < R, then
||Pm||L°°(0,T;Hg(Q)) = sup ||Vpn(t)| < C(R,T), 9)
te[0,T
T
lomlieom ey = | 180l < CRT).. (10)

2. We deduce from (5) and (10) that fOT ||g(,0m)||§{3dt < C(R,T), and then %= € L2(0,T; L?)

(deduced from (4)). There exists a subsequence {p,,}., such that p,, — p strongly in
L*(0,T; H}(Q)) and py,(x,t) — p(z,t) a.e. in Q x (0,T). As g is continuous, it follows that

Prng(pm) — g(p) in L*(0,T, Hy(2)) weakly.



Problem 4: Let Q be an open bounded domain of R?, and consider the following initial
and boundary value problem:

—A 0

8t p+9(p) =0,
dp (11)
oo =0
p|t:0 = po-

We assume that the function g € C!(R) satisfies the conditions:

|g'(u)] <1+ |uP, and / lu|*dx < 1, for some p > 0. (12)
Q

et H={pcH(Q) / o(x)dz = 0},

0
V= {QOEHZ(Q), 8—2\3920, /ng(x)dx:()}.

1.(10 pts) We assume that py € V. Show that p € L>(0,7;V), VT > 0.
4 - ; ; ou
Hint: You may multiply the equation by —A%z.
2.a.)(6 pts) Show that % € L*(0,T; H).
b.) (4 pts)Assume u € L2(O T; H*N'V). What can you state about the continuity of the
map t — u(t)?

Solution:

1. We multiply the problem by —A22

57, integrate over € and we find

ap 0 dp
2 24 _ m =
o LR N RA DN A L O Grdr=0. (19)

i 9pm _

=0, since

But, [lg'(p)l|74 < ¢ Jo(L +1p|*)dz < C' = [|g'(p)||z+ < C', and
L1 @IVAIV i < 1 ) Tl 9 o
IIV ||2 +cl|Apll?, (14)
We deduce from (13) and (14) that
HAPH2 + HV ||2 < cllapl”. (15)
If ||Apo|| < R, the we can deduce from that

d . .
Apl* < cl|Ap|? =P Cromell et i ]| e o iy < C

t o T
2.)a.) Integrate (15) == ||Ap(t)]]? +/0 ||Va—§||2d$ < || Apol* + c/o |Ap||?ds < C(T)

:>H HLQ(OTH <C

b.) we L*0,T; H*NV) and % € L*(0,T; H) = u € C([0,T], V).



Problem 5: Let Q be an open bounded set of R?, with smooth boundary 9. We consider
the initial and boundary value problem

0? 0
= AT - Autglu) =,
ot ot
_ _ (16)
Uli=0 = Ug, Utli=0 = u1,
u‘aQ = 0.

We assume that g satisfies the following condition

l9(s) = g(r)] < [s —r[(|s]* + |r|*), Vs,r €R, (17)

We admit that, if (ug,u;) € H}(Q) x L?(Q), then the problem possesses at least one weak
solution u and, for any 7" > 0, there is a constant C'(7") such that

ou
[Vu®)| + HE(UH <C(T), Vtel0,T],  where |¢|*= /Qw(x)zdfﬂ-

1.(5 pts) Let uy and us be two solutions of Problem 16. Let w = u; — us.
Write the problem satisfied by w.

2.(15 pts) Multiply by 2% and show that |[Vw(t)[|> + || 22(t)[|* = 0, V¢ € [0, 7.

Solution:
1. We have
— Aw; — Aw + g(u1) — g(ug) =0,
W=o = 0, wy|i—o =0, (18)
w‘aQ = O

2. We multiply the first equation of (18) by <> and we integrate over (2, and we deduce

1d.  dw 2 dw 2 _ dw
sl 1"+ [Vw|)? J+HIV—I7 < Q\g(ul) 9(u2)l| = |de,
We have ; ;
w w
Lot~ gtwl ®pae < [ ol o) ol |2
L QO \——
eL? eLs Y,
€L

dw
< e(llual| 7o) + ||u2!|§6(9))||w||m ||V%||
< C(||VU1H4 + ([ Vuel[* )IIVWHHV ||

—||V ||2 (IVur[|* + [[ Ve | )||Vw||2-
Now, we notice that ||Vu(¢)]|® + ||Vua(8)]|® < C’( ), ¥t € [0,T]. Thus, we get that

& (150 4 1vuie) < ¢ (K5 + 1vul?). (19

We apply the Gronwall’s lemma and we find

IS0 + 9w < e (15 OF +IV0©I). vt e .1

(. J/

-~

=0

= [ HFO1? +[Vw@)|> =0, Vtel[0,T].



