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MAJOR EXAM 1
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Problem 1 (20 points)

(a) Define the following terms:

* The convex hull of aset S C R".

e A simplex in R".
(b) State and prove Carathéodory’s Theorem.
(c) Let S = {(0,0),(1,0),(0,1),(2,2)} C R2.

(i) Describe the convex hull conv(S).

(i) Is the point (1,1) in conv(S)? If so, express it as a convex combination of
points in S using at most three points.

(iii) Is the point (2,1) in conv(S)? Justify your answer.
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Problem 2 (15 points)

(a) Define a supporting hyperplane of a convex set S at a boundary point x € 9S.

(b) Let S; and S, be nonempty, disjoint convex sets in IR”. Prove that there exist two
nonzero vectors p; and p; such that plT X1+ pZT xp > 0forall x; € S; and x, € S5.
(Hint: You may use separation theorems, but do not simply restate them.)
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Problem 3 (20 points)

(a) LetC = {(xl,xz) eR?: Xy > 2xq1, X1 > 0}.

(i) Show that C is a convex cone.

(ii) Find the explicit form of its polar cone C°.
(b) Consider theset S = {(x1,x2) E R?:x1 —x3 > 1, x1 >0, xp > 0}.

(i) Listall extreme points and all extreme directions of S.

(ii) Express the point (3,1) as a convex combination of extreme points plus a
nonnegative combination of extreme directions, or explain why this is not
possible.
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Problem 4 (15 points)

(a) Define a subgradient of a convex function at a point.

(b) Let f(x) = max{2x,1 — x} for x € R. Compute the set of all subgradients of f at
Xg = 1/3.

(c) For the function f in part (b), describe geometrically the supporting hyperplanes
at xop = 1/3 and explain their relation to the subdifferential.
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Problem 5 (10 points)

Let S be a nonempty open convex set in R"” and let f : S — R be differentiable on S.
Prove that f is convex if and only if for each x1, x, € S we have

[Vf(x2) — Vf(x1)] (22 — x1) > 0.
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Problem 6 (10 points)
Show that a function f ona convexset S C R" is quasiconvex if and only if the function
P(t) = fx+ty)
is quasiconvex on the interval
T={tcR|x+tyeS}

for every x € Sand y € R".
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Problem 7 (10 points)

Let f : S — R be pseudoconvex on an open convex set S C R". Prove that

min f(x) = f(x*) <= (x—x*)"Vf(x*) >0, Vx €S.

XES
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