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Instructions:
1. Write clearly and legibly. You may lose points for messy work.

2. Show all your work. No points for answers without justifications !

Question # Grade Maximum Points
1 11
2 11
3 15
4 12
5 14
6 10
7 15
8 12
Total: 100




Exercise 1:(11)
A. (07)i)- Let X : Q@ — R™ be a random variable such that

E[]| X "] <oo, 0<p<oo. (a)
Prove Chebychev’s inequality
1
Pl X |[> )\ < VEH X |P] for all X>0. (b)

Hint: Use the subset A of Q given by: A ={w: | X |[> A}.

ii)- Suppose there exists & > 0 such that
M =Elexp(k | X |)] < oc. (c)

Prove that
P|X|>AN<Me™ for all X>0. (d)

Hint: Use the result found in i).

B-(04) Suppose cars entering a parking lot follow a Poisson process with rate A = 5 per
minute. Further, suppose the probability that a driver is female is 0.6. Find the probability
that exactly 3 cars driven by females will enter the lot in the next 2 minutes.



Exercise 2:(11)
Let X and Y be two random variables with joint density function

flzy) =z(y—z)e™?, 0<z<y<oo.

1-(06). Find the conditional probability densities functions fxy and fy|x.

2-(05). Deduce from 1)- the conditional expectation of X given Y, E(X | Y).



Exercise 3: (15)
A-(08) Consider the standard Brownian motion { B, ¢t > 0}.
a)- Find E(| B; — B; |?), for arbitrary s,t > 0.

) —(z—ixt)? . .
b)- Given that / e~ 2t dr=+2nt, compute the characteristic function of B;.
R

c)- Deduce from b) E(B}).

B-(07). A stochastic process X;(.) :  — R is continuous in mean square if E[X?] < co
for all ¢ and
ImE[(X, — X;)?)] =0 forallt > 0.

s—t

1- Prove that the Brownian motion B, is continuous in mean square.

2- Let f: R — R be Lipschitz continuous function.
Prove that the process Y; := f(B;) is continuous in mean square.



Exercise 4: (12)
The Black-Scholes-Merton model for growth with uncertain rate of return, is the value of $1
after time ¢, invested in a saving account. It is described by the stochastic differential equation:

t t
vVt >0, X; =z +/ bX,ds +/ o X, dB;, (f)
0 0

where {B;,t > 0} is a 1-dimensional Brownian motion, b,0 € R and z, € R.
1- Give the type of the SDE (f).

2- Asuume that E(| zg |?) < oo, show that the SDE (f) admits a unique solution.

3-Show that the solution of the SDE (f) is given by:

X; = xp exp ((b — %Q)t + aBt>. (2)

4- Give the type of the stochastic process X; given by (g) and state some of its applications.



Exercise 5: (14)
Let X; = B; be a 1-dimensional Brownian motion and

g(t,z) = e = (cosw,sinz) € R* for v €R. (h)

Then Y (t) = g(t, X;) is again an Ito process.
1-(04). Prove that the coordinates Y}, Ys of Y satisfies two SDEs in terms of B;.

2-(06). Show that the process Y = (Y1, Y2), called Brownian motion on the unit circle,
satisfy the SDE
dY (t) =aY(t)dt + KY(t)dB,, (i)

where o € R and K an appropriate matrix.

3-(04). Solve the SDE (i).



Exercise 6:(10)
To model the spot freight rate in shipping, J.Tvedt(1995) used the geometric mean reversion
process X; which is defined as the solution of the stochastic differential equation

dX; =k (a—log X;) X;dt + 0 X;dBy;; Xo=2x >0, ()

where k, o, 0 and x are positive constants.

Find the solution X, of the stochastic differential equation (j).

Hint: You may use the substitution Y; = log X; to transform the equation (j) into a linear
stochastic differential equation for Y;.



Exercise 7:(15)
Consider the Ornstein-Uhlenbeck process { X (t),t > 0} given by the SDE:

dXt = K}(m — Xt) dt + O'dBt, (k)

where { By, t > 0} is a standard Brownian motion and x, m and o are positive constants.
1-(02). Let Y; = X; —m. Verify that the process Y; satisfy a given SDE in Y;.

2-(05). The process Y; is seen to have a drift at an exponential rate x. Use the change of
variable Z, = 'Y, to write an SDE in the variable Z;. Find the solution of the obtained SDE
over [s,t], 0 <s < t.

3-1)-(04). Deduce the solution of the SDE in Y; obtained in 1) over [s, t].

ii)-(04). Deduce the solution of the SDE (k).



Exercise 8: (12)

Let {B;, t > 0} be a standard Brownian motion and suppose that { X (¢),t > 0} is an Ornstein-

Uhlenbeck process given by the SDE:

where g and o are deterministic function of time and a € R

1-(06). If Y; = Xttt ¢ € R, then prove that %ﬁ can be written as

dY;

— = h(t7 Xt) dt + Oé(t) dBt7
Y,

where h and « are suitable functions to be detrmined !

2-(06). Deduce from the previous question that ‘%i can be also written as

dY;

— =¢(t,Y,) dt + a(t) dB,,
Yi

where 1 is a suitable function to be determined !

(1)
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