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Problem 1:
Consider the autonomous system

%}(lt}pts) Find a domain D of R? and a positive definite function V(z,y) such that & is
negative on D.

2.)(10pts) Find the largest domain of asymptotic stability of the origin.
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Problem 2:

1.)(10pts) Show that the origin is stable for the non-autonomous system
dr
dt — y?
dy

— = (1 ~t

&= e

Hint: evaluate Z[(1+ e*)2? and use it to find a Lyapuvov function V(z,y,t).

2.)(10pts) V(X, ¢) is infinitesimal upper bound <> Ve, 36 > 0 such that |V(X,t)| < ¢,
V(X,1) € {(X,t) € R x R*, X[ < 6.

Is the function U(z,y,t) = 71%° + 517v” infinitesimal upper bound or no?

Solution:
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Problem 3:
1.)(M@pts) Analyze the bifurcation phenomenon in the ODE

d
d_y =y(4—y)—p, where p € R is a parameter
T

pts) Draw the bifurcation diagram.
2) (ovts) g
Solution:
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Problem 4:
-)(10pts) What are the possible bifurcation points (%0, Yo, o) in the system

dr
_=y._..$

dt
dy 2 i
EE:—U-'—M——Z,‘ where p € R is a parameter.

2.)(10pts)Add the equation % % — ( to the system in part 1, and write the system in the form
X' = AX + F(X), where X (z,y,p) and A is the Jacoblan of the system at the origin.

Compute lim 15 45 || x| - 0.
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Problem 5:
1.)(10pts) Find eigenfunctions and eigenvalues of the the Sturm-Liouville BVP

¥ —y+Ay=0,
y'(0) =y'(m) =0
2.)(10pts) Consider the nonlinear and nonhomogeneous BVP

~y"+y =1, (1)
y(0) = y(1) =0. (2)
The elgenfunctlons and elgenva.lues of the associated SL problem are e,(z) = sin(nmz) and
An = n?n?. We assume y? = 3% | £——)—sm(armr:an) Find the solution y of the problem (1)-(2).
Solution:
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