King Fahd University of Petroleum and Minerals
Department of Mathematics
Qualifying Exam-Real Analysis - Term 221
Time:180 Minutes

Notation: R = the real numbers, N = the natural numbers, m = Lebesgue mea-
sure, m' = Lebesgue outer measure.

Instructions: Solving (Completely and correctly) six problems will result in a pass-
ing grade.

Justify your answers thoroughly. For any theorem that you wish to cite, you should
give its name and its statement.



Exercise 1
Let C be a Lebesgue measurable set satisfyingm' (C! D) = 0 for a given set D.
Here C! D=(C" D # (D" C°. Show that D is measurable.
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Exercise 2
Show that if f is § non-negative measurable function on E, then f = O a.e. on
Eis equivalentto _f=0.
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Exercise 3 "

We debne f: [0, $6 Rby f(x)= "

Find m{x: f(x) ' O}.
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Exercise 4
Evaluate with proof &
%n cos X

Im
%" o 1+ X

ham] )

= r\\\m, Jo 3"(7\‘;,(:”.

S +tsa
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Exercise 5
Suppose that f is Pnite on [a,b] and is of bounded variation on every interval
[a+ 1,b], for I > 0, with TV(far1 ) ( M < +".

1. Show that TV(f[ab]) < 4",

2. 1s TV (fag) ( M? If not what additional assumptions will make it so?

1/ ATake =3k b} o a contifion of [4(8].
Trum VBR300 40 < TV e ) <M
V\,{'Lu othan homd, we have
O 130 -0 44 0] 2 Yot —409] + 1§04
Thevefor, |40\ < M+\g(b)\-(E\ |
B A ] = b be a panlibion of (4]

Thm V5 2) = [fx-fl + V42 13n=bl

<M
pe [oa-gel< o) bl <, M8 1),
we ban N[EP) < 2M+ g+ 1)
T i e 91 oy paslbinn 2 b Ja.] <
‘_W(LS) T_DJ (%[a.\lo]\ £ aM+ H[a)]—r )‘6(‘!))] vo
g/ 4 Let f[,f)?k § ofhed.
- ig F=o. #—) L
Node Kol £ 45 amlutasing on [£.q] {p omy ol L<
Them T\f[?[::]) = b)- =4t 4 A= =ll 0<Li4d.
Howevtr, TV (3 ,) =401) ~f) = 4~ (-3 =H HH=4
) _nu oilbiond u%&umpﬂmé Ahs waamwfyo'g?g ga,tﬂ
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Exercise 6

Let f and each f, be integrable on E. If lim n%--ﬁfn $ f| = 0, show that
(fn) $06 f in measure on E. E

n—> 0

4\010 ‘Hna.f ‘?\m—- YY\{JCG_E-. l-gn(z) _g['x)l>z;:0.

Nie by By =$xe B | §u0- P>} As EnCE,
\pe,\nmle

Skt 2 bl > 1 =qmE)

— Lw(En) L 2L, _

As R S'E\Q,\-g\_—_—ol we ta,o.f Q{m__m('_:n):o

N =200 n->uyo

Suppos that i J.E I, _gl —o. Let 7>0 amd
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Exercise 7
Let { fn} -, be measurable on[0,1]. Show that if { s} _, ig uniformly inte-

grable on [0, 1], then there exists a constantC < " such that 0 |fa] ( C, for
0,1

alln' 1.

Fix s=4. As %ﬂw}:;u 4 “”“gm’ﬂd A'm’rega.;ble o (1],
e exishy §>0 Hncly Hhaf

"'mALS wh Ac(a) = SA\{M\44_
N
3 Jinils eolledhm of o anliraly (A . o

‘%or o.“ n?f."

Now,
4] NANLS for o KAz,
N
2/ Ep,d.] peend K\;)‘AK-
NW\Qﬂ' ofe, (pe 1’\OVE.

N Y
‘g[o”] “gw\ =J;Q’A,l<gﬁl =%-S‘AK“8"\ <%.’1:N<M,

‘gar a\\ n=4.
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Exercise 8 !
Prove thatif f ! LY(R), then limp | Ix[#n |f(x)| = 0. Demonstrate that it is

not necessarily the case thatf(x) " Oas|x|" ! .

4 Let % "'\Bl .“x_|>“} ('gn)n ave muuzile such Ahol

(.6 — 0 ?amfwm on 1R, Ty a_olnL_{;M we have lgnlé‘]el
Lo all wst whass [ 40 arlignabl ar fel * (R) Vhan, by ke

Domnaked Cmvmawm Theorem , we 9._1'
;gﬂ—l?_:.a 5;'1 1on H(x)\ dx = .S-(RO dx =0

i/ ®egcnu ‘g on R aa -80“0\»5 Do amy /Mﬁ/l\lslo [ m+'1;| let
ﬂecamflat“; be Ahe Dlmmaeo (n o) (vw s 34) omd (n+ )

4

4
.
[}
]
[}
[
] 3 —

n-\v‘. na —

n nt n? h—\-l
‘( l-g(*ﬂ\z)\x = i 5(1)41 = (_x/j_‘)/z =< ‘L“ 1_2_14”
R nz=l n n
aVena%l'\M
mm%

‘W\evc%ate ‘;E c LR
In o.de\.h,ay.) we have 'g(n+ ) Dl -4,

N —7v0 N— o

As k\—\'% 2 se Ob N—moe) i iy dear Mok
o J@=a" ot bd\m%cﬁ
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