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Problem 1

Show that a set E is measurable if and only if for every e > 0, there exists a closed set F and
open set O for which F C E C O and m*(O ~ F) <.

Solution: Suppose E is a measurable set and let ¢ > 0. There exists an open set O containing
E and a closed set F contained in E for which m*(O ~ E) < ¢/2 and m*(E ~ F) < ¢/2. By the
measurability of E, we have

m* (O ~F) =m*(ONF*NE)+m*(ONF NE")
=m"(E~F)+m* (O ~E)
< E&.
Now fix € > 0 and suppose that there is a closed set F and an open set O for which F C E C O

and m*(O ~ F) < e. Then
m*(O ~E) <m"(O~F)<e.

Since such sets can be found for all ¢, E is measurable.
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Problem 2

Assume that E is a set of finite measure. Let { f,} be a sequence of measurable functions on E
that converges pointwise on E a.e. to a real-valued function f that is finite a.e. Show that the
conclusion of Egoroff’s Theorem still holds.

Solution: Assume E has finite measure and suppose { f, } is a sequence of measurable func-
tions on E that converges pointwise a.e. to a function f that is finite a.e. Define

Eo={x€E: lim fu(x) = f(x)}
and E; = {x € E : f(x) is finite}. By assumption, m(E ~ Ey) = m(E ~ E;) = 0.
Let E = Eg N E; and observe that
0 <m(E~E)<m(E~ Ey)+m(E~ Ey) =0.
Hence m(E ~ E) = 0.
Let ¢ > 0. By Egoroff’s Theorem, there is a closed set F contained in E for which
{fu} — f uniformly on F and m(E ~ F) < ¢.

But then F is also a closed set contained in E that satisfies

m(E ~ F)
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Problem 3

Consider two Lebesgue integrable functions f and g over R and two sequences of Lebesgue
integrable functions { f,,} and {g,} over R. Assume that

(i) {fu} converges to f pointwise a.e. on R,
(ii) {gn} converges to ¢ pointwise a.e. on IR,

(iii) |fx| < gn a.e. on R and

(iv) /]R gn converges to /lR g

Show that

lim [ o= f

Solution: We need to show that

lim</fn—/f>:0.
=1 =|fr=n|< [15-0,

tim [ £~ f| =0

[+ 1Al = [+

= [ lim(g, + 1)
= [ tim{gs +1f = Ifu = £

Note that lim |f, — f| = 0and |f, — f| < [ful + [f| < gu + |f]. Hence gu + || — fu — f| 0.
So we may proceed as

[+ [1fl = [timigu+1f1 =1~ £)
< liminf/(gn+|f|—|fn—f|) (by Fatou’s Lemma)

[s+ [ 1f1-timsup [ I, = fD).

Therefore limsup [ |f, — f|) = 0 and we have

In other words, since

we need to show

First we have,

IN

tim [ |fu — f| = limsup [ |, ~ f| =0
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Problem 4

Consider the sequence of functions

xX\n
falr) = (1+2) "
(a) Foralln > 1and x > —n, show that f, is monotone increasing and that
fn(x) <e*.

(b) Evaluate
n
: —3x
V}gro\o/o fu(x)e>*dx.

Solution: (a) Note that

(1+%)n§e" e nln(l—i—%)ﬁx s ln(1+z>zln<x:n>§z:x:n—l

The statement is true since (1 + %) = (HT”) > 0and Int < t—1 forall £ > 0. To show that
{fn} is monotone increasing, we treat n as a continuous variable and use L’'Hospital rule

dfn fn[ln(1—|—> X ]20 PN [1n(1+z)_ X ]20 since f, > 0.

xX+n xX+n

So we need

(S22 T e m() e mtr
n xX+n X+n X X+n
which is true sinceﬁ >0andInt <t—1forallt > 0.

(b) First we write

lim /n fu(x)e™3¥dx = lim /oo fn(x)e’3x)([0,n]dx.
0

n—o0 JQ n—o0
By part (a), the sequence f,(x)e 3 X[o,] 18 nonnegative monotone increasing sequence and
—3x —3x __ —2x . .
fu(x)e X[o,n] — e'e = e “ pointwise .

So by the Monotone Convergence Theorem we get

n (o]
lim / fu(x)e3¥dx = lim / fu(x X[On dx = / e Fdx = %
0

n—oo Jo n—oo
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Problem 5

Let the function f be absolutely continuous on [a, b]. Show that f is Lipschitz on [a, b] if and
only if there exists M > 0 such that f'(x) < M a.e. on [a, b].

Solution: Suppose f is Lipschitz. Then there exists M > 0 such that

'f(x+f)—f(X>

<M
; =

forany x € (a,b) and t # 0 that satisfy x + ¢ € (a,b). Since f is absolutely continuous on [a, b]
then f is differentiable a.e. on (a,b). Hence

S —fFO)| - e
t

|f'(x)] = lim <

t—0

Conversely, suppose there exists M > 0 such that |f'| < M a.e. on [a,b]. If x, x" are in [, b] and
x < x/, then f is absolutely continuous on [x, x’]. Therefore,

0= £ = | [

< / 'l

< M(x' —x),

that is, f is Lipschitz on [a, b].
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Problem 6

Let E be a measurable setand 1 < p < oo and f, — f in LP(E).

(a) If the Lebesgue measure, m, of E is finite that is m(E) < oo, show that f,, — f in L°(E)
forsomel <s < p.

(b) If f, — f a.e on E and there exists a real number M such that |f,| < M a.e. for all n,
show that f, — fin L"(E) for some r such that 1 < p < r < oo.

Solution:

(a) Since s < p, let p; = £ and ¢; be such that % + qlT = 1, then using Holder Inequality, we
have

SV fEdm <=l T,

- (/E(|f” —f|5)”1dm)1/p1 (/E dm>
B (/E‘f”_f|pdm>5/p(m(E))1/‘h
= (Ifu = fllp)” (m(ENY"

Since m(E) < coand ||f, — f||, = 0asn — oo, then f, — fin L°(E).

1/q1

(b) Letr > p. Since f, — f a.e. on E and |f,| < M then |f| < M. Therefore |f, — f| < 2M.
Now we have

(W= £ = [ 1o = flrdm
= [ V= £V = flrdm
< [MyIIf, — flrdm

~ My [ - s
= @M P([lfu = fllp)P =0 asn —eo

Hence f, — fin L"(E)
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Problem 7

Let (X, M, j) be a measure space and {1, } be a sequence of nonnegative integrable functions
on X. Suppose that {h,(x)} — 0 for almost all x € X. Show that

r}g{}o/xhndyzo

if and only if {h,} is uniformly integrable and tight over X.

Solution: If {h,} is uniformly integrable and tight over X, then by the Vitaly Convergence

Theorem
lim / Iy dyt = 0.,
X

n—oo

Conversely, suppose limy, ;0 [y /14 djt = 0. There exists a natural number N such that

/hndy<s
X

for all n > N. We know that the finite collection of functions {/,})_; is tight over X. We
therefore can find a set of finite measure Xy € X such that

/ | it < e.
X~ X
for all n < N. Since
h,|d </ hyl du < e.
o Mmlan < [ hlan <

for all n > N. We conclude that {4, } is tight over X.
Note that the finite collection of functions {/,})_; is uniformly integrable.
Now Choose ¢ > 0 such that forn > N, if A C X is measurable and m(A) < J then

/A |hy|dp < e.
Hence we have that
if A C X is measurable and m(A) < §, then [, |h,|dp < e for all n. Therefore {h,} is uniformly
integrable.
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Problem 8

Let X = Y be the interval [0, 1] with A = B the class of Borel sets.
measure. Consider the function f on X x Y defined as

2P
f(x/]/) = m, (x,]/) e X xY.

/X /Y Fdudv + /Y /X Fdvdy.

(b) Does part (a) contradict Fubini’s theorem? why?

(a) Show that

Let u = v be the Lebesgue

Solution:

(a) First, we compute

1 41 1 24y
/x./yfd”dv - /0 ; x2+ iy = /U x2+y _/o (x2+y)dx}dy
-/ '/1 x—zﬁfdx_/ldx]dy
0o |Jo (x2+y) 0 x2+y2
oA P 1 o dx ;
- /o _/0 Yix <x2+y2> /o x2+y2] Y
B 1 —x ! T dx T dx J
B /0 x2+y +/o x2+y2_/0 2| Y
= /1 :—tan_ly‘lz—ﬁ.
0 0 4
Then
x? _y
, | fowav = // G =

(b) Part (a) does not contradict Fubini’s theorem, since f is not integrable over X x Y with

respect to the product measure y x v. Indeed

xz—y

d - / d
/Xxym (pxv) [01}x01 (x2+y) (pxv)
- / xz—y ‘dxd
- 0T 2 ’ 1
y y x —
— d
J _/o <x2+y T, @
B /1 [ x ‘y X Hd (
I el PR M
— /1 -1_1+1:|d
CoJo |2y 1492 2y Y
— 1—1 d
n /0 _7 l+y} Y
1
= hm/ —y—tan )‘
t—0+

lim —lnt— — =00
t—0+ 4

y dx} dy

from part (a) solution)
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