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Problem 1

Let E have finite outer measure. Show that E is measurable if and only if for each open,
bounded interval (a,b), b—a =m*((a,b) NE)+m*((a,b) ~ E).

Solution: Let E be measurable. We have

b—a=m"((a,b)) =m"((a,b) NE)+m* ((a,b) ﬂEC)
=m*((a,b) NE)+m" ((a,b) ~ E)

Conversely, suppose the equality holds. Let A be any set with m*(A) < oo.
Let e > 0. Choose a countable collection of open intervals {(ax, bx}> ; that covers A and

Z E(ak, bk) <m* (A) +e&.
k=1
Thus,

(by —ax) — ¢
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m*((ag, by) NE) +m*((a,b) ~ E) —¢
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m* [m*(ag, b) N E] + | ) m* [m*(ax, b) ~ E] — ¢
k=1
m*(ANE)+m*(A~E®) —e

v
s

\Y
-
v L

Since this holds for every ¢ > 0, we obtain
m*(A) > m*(ANE) +m* (A ~ EC) .

Hence A is measurable.
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Problem 2

(a) For the function f and the set F in the statement of Lusin’s Theorem, show that the
restriction of f to F is a continuous function.

(b) Prove the extension of Lusin’s Theorem to the case that f is not necessarily real-valued,
but may be finite a.e.

Solution:

1. Fix x € F and let e > 0. Since g is continuous, there exists § > 0 such that

if [x' — x| < 4, then |g(x) — g(x)| < e.

Since f = gon F, we have

ifx € Fand |x" — x| < §, then |f(x") — f(x)| < &

Thus, f is continuous on F.
2. Suppose f is an extended real-valued function on E that is finite a.e. Let ¢ > 0 and let
Eyp = {x € E : fis finite}.

Lusin’s theorem implies that there exists a continuous function ¢ on R and a closed set F
contained in Ej for which

f=gonFandm(Ey ~ F) < e.
But since
E = (E~ Ey) UEyand m(E ~ Ey) =0,
we also have

m(E ~F) <m(E~Ey~F)+m(Ey~F)=m(Ey~F) <e.
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Problem 3

Let {f.} be a sequence of integrable functions on E for which f, — f a.e. on E and f is
integrable over E. Show that

L1f=fl =0

if and only if lim,e0 [ [fu| = [;|f]- (Hint: Use the General Lebesgue Dominated Conver-
gence Theorem.)

Solution: Suppose [ |f — fu| — 0. Since
||fn| - ’f“ < ‘fn _f‘

on E for all n and |f,| — |f| — 0 a.e. on E, we have

n—oo

tim [ (1ful = If) =0

by the General Lebesgue Dominated Convergence Theorem. Since f is integrable, we have

tim [ 151 = [ 171

Conversely, suppose

tim [ 1l = [ 171

lim [(1ful +1F) =2 [ 1f] < e

Then

Since
o= fI < [ful +If]

onE forall nand |f, — f| — O a.e. on E, we have

L1f=fil =0

by the General Lebesgue Dominated Convergence Theorem.
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Problem 4

Consider the sequence of functions

xX\n
falr) = (1+2) "
(a) Foralln > 1and x > —n, show that f, is monotone increasing and that
fn(x) <e*.

(b) Evaluate
n
: —5x
V}gro\o/o fu(x)e >*dx.

Solution: (a) Note that

(1+%)n§e" e nln(l—i—%)ﬁx s ln(1+z>zln<x:n>§z:x:n—l

The statement is true since (1 + %) = (HT”) > 0and Int < t—1 forall £ > 0. To show that
{fn} is monotone increasing, we treat n as a continuous variable and use L’'Hospital rule

dfn fn[ln(1—|—> X ]20 PN [1n(1+z)_ X ]20 since f, > 0.

xX+n xX+n

So we need

(S22 T e m() e mtr
n xX+n X+n X X+n
which is true sinceﬁ >0andInt <t—1forallt > 0.

(b) First we write

lim /n fu(x)e™>*dx = lim /oo fn(x)e’5x)([0,n]dx.
0

n—o Jo n—o0
By part (a), the sequence f, (x)e_5x X[o,#] 18 nonnegative monotone increasing sequence and
fn(x)e*5x)([0,n} — e =W pointwise .

So by the Monotone Convergence Theorem we get

n o0
lim / fn(x)e—Sxdx = lim / fn X[On dx = / ey — i
0

n—oo Jo n—o0
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Problem 5

If f is continuous on [a,b] and f’ exists and is bounded on (a,b), then show that f is absolutely
continuous on [a, b].

Solution: Since f’ exists and bounded on (g, b), there exists M > 0 such that f'(x) < M for
all x € (a,b). Let ¢ > 0 and coinsider

n

Y |f(di) = flci)]

i=1

where {[c;,d;] : 1 <i < n} is a finite collection of non-overlapping intervals in [a, b] such that

We have i} . ;
17 - fle)| = 3 D=L, g

_
Il
_

The Mean Value Theorem tells us that for every i there exists x; € [c;, d;] such that

f(di) = fle)l _ o
W—f(xz><M-

Thus, we can write

i=1 i=1
n
< ZM\dl — ¢
i=1
n
=M Z |d; — cil
i=1
&
M— ==«
< M £

Hence, f is absolutely continuous on [a, b].
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Problem 6

Assume E has finite measure and 1 < p < oo. Suppose {f,} is a sequence of measurable
functions that converge pointwise a.e. on E to f. For 1 < p < oo, show that {f,} — fin L*(E)
if there is @ > 0 such that { f, } belongs to and is bounded as a subset of LP*(E).

Solution: By the assumption, there exists a real number M such that || f,||,+« < M for all n.
By Fatou’s Lemma we have

pta L] p+a p+a
/E|f| ghﬂgmf/b_\fd < MPF* < oo,
Thatis f € LP**(E). This implies that f and {f,} are in L?(E). It remains to show that

1 fn = fII = 0.
By Holder’s Inequaltiy, we have

J Vo= £ < U= f - m( ) 04
for any measurable set A C E. By Minkowski’s Inequality,

I fn = fllpsa <l fullpra + 1 fllpra <2- M.

Hence,
/ |fu — fIF < 2P Mp.m(A)w/(pﬂ)'
JA

Thus, for any € > 0, we have
J V=11 <

as long as
€ >(p+0¢)/¢x

2P - MP
Therefore {|f, — f|?} is uniformly integrable over E, which implies that

m(A) < <

tim [ |fa— £ =0

n—o00

by the Vitali Convergence Theorem.

/Department of Mathematics 7



KFUPM Real Analysis: PhD Comprehensive Exam Term 232

Problem 7

Let (X, M, j) be a measure space and {1, } be a sequence of nonnegative integrable functions
on X. Suppose that {h,(x)} — 0 for almost all x € X. Show that

r}g{}o/xhndyzo

if and only if {h,} is uniformly integrable and tight over X.

Solution: If {h,} is uniformly integrable and tight over X, then by the Vitaly Convergence
Theorem

lim / Iy dyt = 0.,
X

n—oo

Conversely, suppose limy, ;0 [y /14 djt = 0. There exists a natural number N such that

/hndy<s
X

for all n > N. We know that the finite collection of functions {/,})_; is tight over X. We
therefore can find a set of finite measure Xy € X such that

/ | it < e.
X~ X
for all n < N. Since
h,|d </ hyl du < e.
o Mmlan < [ hlan <

for all n > N. We conclude that {4, } is tight over X.
Note that the finite collection of functions {/,})_; is uniformly integrable.
Now Choose ¢ > 0 such that forn > N, if A C X is measurable and m(A) < J then

hyldp < e.
[ Ml < &

Hence we have that
if A C X is measurable and n(A) < J, then [, |h,|du < ¢ for all n.

Therefore {1, } is uniformly integrable.
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Problem 8

Let N be the set of natural numbers, and let M = 2N and ¢ be the counting measure by setting
c(E) equal to the number of points in E if E is finite and oo if E is infinite. Let (X, A, u) =
(Y,B,v) = (N, M,c). Define f : N x N — R by

2-27% it x=y,
flx,y) =< -2+2"% if x=y+1,
0 otherwise.

(a) Show that f is measurable with respect to the product measure ¢ x c.

(b) Show that

L[, rmmsdetm) det # [ ][ sommidctn)] et

(c) Is this a contradiction either of Fubini’s theorem or Tonelli’s theorem ?

Solution:

(a) Since N is countable, it has measure zero. The only set which has ¢ X ¢ measure zero is
the empty set. Hence, ¢ X ¢ measurable set of IN x IN are all the subsets. Therefore, f is
measurable.

(b) We know that

dc:c>o k
Jifde = L s

For convenience, let dx = dc(m) and dy = dc(n) Hence,

/N</Nf(x,y)dx>dy = /(%\jw)

= /H\T[f(y,y)+f(y+1,y)]dy
- A(z—z-y—2+z—y—1)dy=/N2;idy
1 1

On the other hand,

/]N ( /Nf (w)dy) dx =

= ihx + Y h(x) =h(1)
= Jan=

<foy)dx, leth(x) =Y f(x,y)

yeN yeN

I
z\z\

(c) No, because f assumes negative values and not integrable.
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