King Fahd University of Petroleum and Minerals
Department of Mathematics
MATHS533 - Complex Variables
Comprehensive Exam — Term 231
Solution



1. (20 points)
Let H = {z € C: Imz > 0} be the upper half plane. Prove the following

(a) If o« ¢ H and g € H, then € H.

1
a—f
(b) Forany &,...& € H, & + ...+ & € H,in particular, & + ... + & # 0.
(c) Let P be a polynomial with zeros 2, ..., z; (possibly repeated)

Pl(z) 1 - 1
Plz) z—2z = z—z

(d) Using the previous questions, prove the following:

” Let P be a polynomial. Suppose all the zeros of P lie in H. Then all the zeros
of P’ also liein H”.

Solution: (a) By assumption, we have

Img >0and Ima < 0.

1 a-8
a—B |a—p?

Thus
I Imf—Ima

a=B  Ja—pBP
(b) Im(& + ..., &) =Im(&) ... + Im(&).

>0

Im

(c) Write
P(z)=C(z—2z)...(z — 2)

P(2)=C(z—2)...(z2—z)+C(z—21)(2—23) ... (z—2)+... C(z—21) . . . (2 — 2p_1)-
Hence
P'(2) 1 1

P(2) :z—21+“'+z—zk'

(d) Assume there exists w, a zero of P’ and w ¢ H. Then

P'(w)

Plw)
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2. (15 points)
Let f be an analytic function on 2 = {z € C : |z| < 4}. Suppose that |f(z)| < 1 on .

Let
9(2) = f(z) +z — 2.

(a) Prove that all the zeros of g liein the disc D = {z € C: |z — 2| < 1}.

(b) Using Rouché theorem, prove that g has only one zero inside (.
(c) WhatisgifQ=C?

Solution: (a) Let z; be a zero of g, then
20 — 2 = —f(20).
Thus |20 — 2| = |f(20)| < 1.
(b) Let h(z) = z — 2, trivially we have |h(z)| = 1 on 0D. Moreover
l9(2) = h(2)| = [£(2)| < |h(2)], on OD.

Thus, by Rouché theorem g has only one zero inside the disc D. Since all the zeros
of g are located inside D, we deduce that g has only one zero inside €.

(c) If @ = C, by Liouville theorem, f is constant and g(z) = z + C, with C' € C.
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3. (10 points) Evaluate

27 2
/ cos «9 o
o D+ 3sinf

Solution: Let z = €. Then

cosf = , sinf = = df = —.

Hence

2T 2 4 2
I:/ _cos?6 1/ - T2l ri(Res(f,i) + Res(f,—i/3)),
0 |z]=1

5+3sinf 2 (3z +1)(z + 3i)
where
A 4+222+1
f(z) == : -
22(3z +1)(z + 3i)
Thus 100 8. 2
[=mi(—— 4+ 2y =21
9 "9’ 9
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4. (10 points) Let ©2 be a bounded domain in the complex plane. Suppose that f is
continuous on €2 and analytic on 2. Assume |f(z)| = 1 for all z € 05, the boundary

of Q.
Show that f is a constant function or f has a zero on (2.

Solution: Assume that f has no zeros in 2. Then by the maximum and the mini-
mum principle ( as f has no zeros), | f(z)| attains its maximum and its minimum

on 0f). Hence _
|f|=1 onQ.

Thus f is constant on ).
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5. (20 points) Let f : C — C be an analytic function such that lim |f(z)| = +oc.

|z]—o00
(a) Prove that f has a finite number of zeros in C.

P
(b) Prove that there exists a polynomial P such that f = 7 where ¢ is holomorphic
in Cand g(z) # 0, forall z € C.

(c) Prove that there exists R > 0 such that |g(z)| < |P(z)|, for all |z| > R and that g
is a polynomial.

(d) Deduce that there exists a constant ¢ such that f = cP.

Solution: (a) By assumption, there exists R > 0 such that
|f(2)| > 1if |z| > R.

Hence all the zeros are inside the closed disc D(0, R). As the zeros of f are isolated,
a compact set contains only a finite number. Therefore, f has a finite number of
Zeros.

(b) Let ay, . . ., a; be the zeros of f then

f(z)=(z—a1)...(z —ap)h(z)
where © is a non-vanishing entire function. Put

P2)=(z—a1)...(z — ap),

9(2) = h<1z)
(c) Let R be chosen in (a). Then
<l = oy

Hence
lg(2)| < |P(2)| for |z| > R.

As P is a polynomial of degree k, then there exists R; > 0 such that
|P(2)| < C|z|* if |2| > Ry.

Thus for |z| large, we have
l9(2)] < Cl2|*.
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Foralln >0

|
m () = 1 9(2)
g ( ) 27i I2|=r ZnJrl
Cn!
g™ (0)] < —nk —0asr — oo, ifn >k +1.
rT

Therefore g is a polynomial of degree < k.

(d) If g is a non constant polynomial, then g has a zero by the fundamental theorem
of algebra. Since g is a non vanishing entire function, we conclude that g is constant.
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6. (15 points) Let f be an analytic function on C.

(a) Prove that for any «, 5 € C, with a # 3, we have for R > max(|a/|, |3|)

1 ) @)= 1P
g MR ear ey e e

(b) Show if f is bounded, then
lim f(z)

dz = 0.
R Jln G—a)(z—=B) "

(c) Using ONLY (a) and (b), show that if f is analytic and bounded on C, then f
is constant. (No credit for other methods).

Solution: (a) By the Residue Theorem.

(b) Assume that
|f(2)] < M onC.

Then

27 M
1) dz| < Gl — 0as R — oo.

p=r (z—a)(z=B) | 7 (R—|a)(R—[6])

(c) Combining (a) and (b), we get

so f is constant.
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7. (10 points) Let
f(z) = f(z +iy) = u(z,y) +iv(z,y)

be an analytic function and
F:(zy) = (u(z,y), 0(v,y)).

(a) Show that
det Jr(z,y) = | f(2)]%,

where Jr(z,y) represents the Jacobian matrix of F at (z, y).
(b) Show thatif f'(z) =0, then Jg(z,y) = 0.

Solution: (a) Using CR equations, we have

det Jp(z,y) = upvy — vpuy, = u2 + 02 = |f(2)]%

(b) If f'(2) =0, then

Uy = Uy = 0.

Hence according to CR-equations, we obtain

Therefore
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